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0.1 Bang cac ky hiéu
Céc ky hiéu st dung trong sach dugc liét ké trong Bang 0.1

Bang 0.1: Bang cac ky hiéu

’ Ky hiéu ‘Y nghia

x,y, N, k|in nghiéng, thudng hoic hoa, 13 cic sd vo6 huéng

X,y |in dam, ch@ thuong, la cac vector

X,Y |in dam, chit hoa, la cAc ma tran

R tap hop cac sd thuc

N tap hop cac s6 ty nhien

C tap hop cac sd phiic

R™  [tap hop cac vector thuc c6 m phan ti

R™*™ |tap hdp cAc ma tran thuc c6 m hang, n cot

s” tap hop cac ma tran vuong doi xitng bac n

i tap hop cac ma tran nita xac dinh duong bac n

St |tap hgp cac ma tran xac dinh duong bac n

€ phan tit thuoc tap hop
3 ton tai

A4 moi

E

ky higu 1a/béi. Vi du a 2 f(z) nghia 1a “ky hi¢u f(z) béi a”.

T phan ti thit i (tinh tir 1) cia vector x

sgn(z) |ham xac dinh dau. Bing 1 néu x > 0, bing -1 néu z < 0.

exp(z) |e”

log(z) |logarit tu nhién cla sd thyc duong =

a;;  |phan tit hang thi 4, cot thi j cia ma tran A

Z . > ~
AT chuyeén vi cia ma tran A

AT |chuyén vi lien hop (Hermitian) clia ma tran phic A

A~! [nghich ddo ctia ma tran vuong A, néu ton tai

AT |gia nghich d4o clia ma tran khong nhat thiét vuong A

AT chuyén vi ctia nghich dao ctia ma tran A, néu ton tai

||x]lp |€p norm cua vector x

|A||F |Frobenius norm clia ma tran A

diag(A) |dudng chéo chinh ciia ma tran A

trace(A)|trace clia ma tran A

det(A) |dinh thic cia ma tran vudng A

rank(A) |hang clia ma tran A

o.w |otherwise — trong cac trudng hgp con lai

—=  |dao ham ctia ham s f theo x € R

Vxf |gradient (dao ham) clia ham s6 f theo x (x 1a vector hodc ma tran)

VZf |dao ham bac hai ctia ham s f theo x, con dugc goi 1a Hessian

® Hadamard product (elemenwise product). Phép nhan titng phan ti ctia hai vector hodc ma tran cling kich thuéc.
x ti 1é vGi
v.v. |van van
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Phan I

Kién thic toan co ban cho machine learning



Chuong 1

On tap Pai sd tuyén tinh

1.1 Luu y vé ky hiéu

Trong céc bai viét clia toi, cac sd vo huéng duge biéu dién bdi cac chit cai viét ¢ dang in
nghiéng, c6 thé viét hoa, vi du 21, N, y, k. Céc vector dudc biéu dién bang cac chit cai thusng
in dam, vi du y,x;. Néu khong giai thich gi them, cac vector dugc mic dinh hiéu la céc
vector cot. Céac ma tran duge biéu dién béi cac chit viét hoa in dam, vi du X, Y, W.

Déi v6i vector, X = [x1, T, . . ., 7,] dudc hiéu 1a mot vector hang, va x = [z1; 29; . . . ; 7,,] dugc
hiéu 1a vector cot. Chi ¥ sy khac nhau gitta dau phay (,) va dau cham phay (;). Day chinh
13 ky hiéu duge Matlab st dung. Néu khong giai thich gi thém, mot chit cai viét thuong in
dam dugc hiéu 1a mot vector cot.

Tuong tu, trong ma tran, X = [x1,Xo, . .., X,] dudc hiéu la cac vector cot x; dugce dat canh
nhau theo tht ti tir trai qua phai dé tao ra ma tran X. Trong khi X = [x1;Xs;. .. ;X,,] dudc
hiéu 1a cac vector x; duge dat chong len nhau theo thit tu tit trén xudng dudi dé tao ra ma
tran X. Cac vector duge ngam hicu la c6 kich thuée phit hop dé c6 thé xép canh hodc xép
chong 1én nhau. Phan t1t ¢ hang thit i, cot thit j dude ky hieu 1a z;;.

Cho mot ma tran W, néu khong giai thich gi thém, ching ta hiéu ring w; 1 vector cot
thtt 4 clla ma tran d6. Cha ¥ sy tuong tng gitta ky tu viét hoa va viét thuong.

1.2 Chuyén vi va Hermitian

Mot toan tit quan trong ciia ma tran hay vector la toan tit chuyén vi (transpose).
Cho A € R™™ ta néi B € R™™ la chuyén vi ctia A néu b;; = aj;, V1 <i<n,1<j<m.

Mot cach ngan gon, chuyén vi clia mot ma tran 13 mot ma tran nhan duge tit ma tran cit
thong qua phép phan xa guong qua duong chéo chinh ctia ma tran ban dau. Toan tit chuyén



5 CHUONG 1. ON TAP DAI SO TUYEN TIiNH

vi thuong duge ky hiéu béi chit T, ¢ hodc ky tu T. Trong cuén sach nay, ching ta sé st dung
chit cai T'. Vi duy, chuyén vi clia mot vector x dudge ky hiéu 1a x7; chuyén vi clia mot ma tran
A dugc ky hieu 1a AT. Cu thé:

X1 ailz @12 ... Aip 11 @21 ... Am1

X2 a21 22 Q2n, 12 @22 ... Am2
Xx=| . :XT—[:cle...xm], A = = AT =

Tm Am1 Qm2 - .. Amn A1n Q2p - . . A;mn

Néu A € R™" thi AT € R™™ Néu AT = A, tanéi A la mot ma tran doi ziing (symmetric
matriz).

Trong trudng hop vector hay ma tran c¢é cac phan tit 1a s6 phiic, viec lay chuyén vi thuong
di kem v6i viec lay lien hop phitc. Tiic 1a ngoai viec doi vi trf clia cac phan ti, ta con lay
lien hop phiic ciia cac phan tit d6. Teén goi clia phép toan chuyén vi va lay lien hop nay con
duge goi 1a chuyén vi lién hap (conjugate transpose), va thuong duge ki hiéu bing chit H
thay cho chit 7. Chuyén vi lién hop ciia mot ma tran A duge ky hieu la A (cting duge doc
la A Hermitian).

Cho A € C™" ta néi B € C™™ la chuyeén vi lien hop ctia A néu bij = @i, V1 <i<n,1<
j < 'm, trong do6 a la lién hiép phic cia a.

Vi du:

(142 34 g =2 =i (243 om0 e o
A—[ ; 5 ]:>A —{3_’_41. 2},){—{ 9 :|:>X =[2-3i -2 (1.1)

Néu A, x 1a céc ma tran va vector thuc thi A7 = AT xf = xT.

Néu chuyén vi lien hop ctia mot ma tran phic bang véi chinh no, A” = A, thi ta néi ma
tran do 1a Hermitian.

1.3 Phép nhan hai ma tran

Cho hai ma tran A € R™*" B € R"*P_ tich ctia hai ma tran dugc ky hieu la C = AB € R™*P
trong d6 phan ti ¢ hang thit 4, cot thit j ctia ma tran két qua dude tinh béi:

= anby, VI<i<m,1<j<p (1.2)
k=1

Dé nhan dugc hai ma tran, s6 cot clia ma tran thit nhat phai bing s6 hang ctia ma tran thi
hai. Trong vi du trén, ching déu bang n.

Mot vai tinh chat ctia phép nhan hai ma tran (gid sit kich thuée cadc ma tran 1a phit hgp dé
cac phép nhan ma tran ton tai):
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CHUONG 1. ON TAP DAI SO TUYEN TiNH 6

1. Phép nhan ma tran khong c6 tinh chat giao hoan. Thong thuong (khong phai luon luon),
AB # BA. Tham chi, trong nhiéu truong hop, cdc phép tinh nay khong ton tai vi kich
thuéc cac ma tran léch nhau.

2. Phép nhan ma tran c6 tinh chat két hop: ABC = (AB)C = A(BC)

3. Phép nhan ma tran c6 tinh chat phan phdi doéi véi phép cong: A(B + C) = AB + AC.

4. Chuyén vi ctia mot tich bing tich céc chuyén vi theo thit tu ngugc lai. Diéu tuong tu xay
ra v6i Hermitian ctia mot tich:

(AB)" = BTA"; (AB)” =BPA" (1.3)

Theo dinh nghia trén, bang cach coi vector 1a mot truong hop dic biét ciia ma tran, tich vo
huéng ctia hai vector (inner product) x,y € R™ dugc dinh nghia la:

X'y =y'x = Z TiYi (1.4)
i=1

Cha ¥, x?y = (yx)! = yfx. Chiing bang nhau khi va chi khi chiing 1a cac s6 thyc. Néu
tich vo huéng ctia hai vector khac khong bang khong, hai vector d6 vuong goéc véi nhau.

x7x >0, Vx € C" vi tich clia mot s6 phitc véi lien hiép clia né luon 1d mot sé khong am.
Phép nhan ctia mot ma tran A € R™*" v6i mot vector x € R™ la mot vector b € R™:

Ax = b, voi bz = A;’Z'X (15)
v6i A.; la vector hang thit ¢ clia A.
Ngoai ra, mot phép nhan khac duge goi 1a Hadamard (hay element-wise) hay duge st dung
trong Machine Learning. Tich Hadamard ctia hai ma tran cung kich thuéc A, B € R™*"
ky higu la C = A © B € R™*", trong do:

Cij = aijbij (16)

1.4 Ma tran don vi va ma tran nghich dao
1.4.1 Ma tran don vi

Duong chéo chinh clia mot ma tran la tap hop cac diém c6 chi s6 hang va cot 1a nhu nhau.
Céch dinh nghia nay ciing c6 thé duge dinh nghia cho mot ma tran khong vuong. Cu thé, néu
A € R™" thi dudng chéo chinh ctia A bao gom {ai1, ass, ..., ay}, trong d6 p = min{m, n}.

Mot ma tran don vi bac n 1a mot ma tran dic biét trong R™ " v6i cdc phan tit trén duong
chéo chinh bang 1, cAc phan ti con lai bang 0. Ma tran don vi thuong dude ky hieu la I
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7 CHUONG 1. ON TAP DAI SO TUYEN TIiNH

(identity matrix). Néu lam viéc v6i nhiéu ma tran don vi v6i bac khac nhau, ta thuong ky
kiéu I,, cho ma tran don vi bac n. Dudi day la ma tran don vi bac 3 va bac 4:

100 0100
L=[0101, L=|,010 (1.7)
001 0001

Ma tran don vi c6 tinh chat dic biét trong phép nhan. Néu A € R™" B ¢ R™™ va I I
ma tran don vi bac n, ta c6: Al=A, IB=B.

V6i moi vector x € R”, ta ¢6 I,x = x.
1.4.2 Ma tran nghich dao

Cho mot ma tran vuong A € R™ " néu ton tai ma tran vuong B € R™*" sao cho AB =1,

thi ta néi A 1a khd nghich (invertible, nonsingular hodc nondegenerate), va B duge goi 1a

ma tran nghich ddo (inverse matriz ) cia A. Néu khong ton tai ma tran B thod man diéu

kién trén, ta n6i ring ma tran A 1a khong kha nghich (singular hodc degenerate).

Néu A la kha nghich, ma tran nghich ddo ctia né thuong duge ky hieu la A~!. Ta ciing cé:
ATTA=AA'=1 (1.8)

Ma tran nghich ddo thudsng duge sit dung dé giai hé phuong trinh tuyén tinh. Gia sit ring
A € R™™ 13 mot ma tran kha nghich va mot vector bat ky b € R™. Khi d6, phuong trinh:

Ax=Db (1.9)

c6 nghiem duy nhat 14 x = A~'b. That vay, nhan bén trai ca hai vé ctia phuong trinh véi
At taco Ax=be A'Ax=A"'be x=A"'b.

Néu A khong kha nghich, tham chi khéng vuong, phuong trinh tuyén tinh (1.9) ¢6 thé khong
c6 nghiém hoac c¢6 vo sd nghiém.

Gia st cac ma tran vuong A, B 1a kha nghich, khi dé tich ctia ching cling kha nghich, va

(AB)"! = B 'A~!'. Quy tic nay ciing kha giéng v6i cach tinh ma tran chuyén vi clia tich
cac ma tran.

1.5 Mot vai ma tran dac biét khac
1.5.1 Ma tran dudng chéo
Ma tran duong chéo (diagonal matriz) la ma tran chi ¢6 céc thanh phan trén dudng chéo

chinh 1a khéc khong. Dinh nghia nay ciing ¢6 thé duge 4p dung lén cic ma tran khong vuong.
Ma tran khong (tat ca cac phan tit bang 0) va don vi 1a cac ma tran duong chéo. Mot vai vi

-10
du vé cac ma tran dudng chéo [1] , [3 8] , [(1] g 8] , 1 0 2].
00
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CHUONG 1. ON TAP DAI SO TUYEN TiNH 8

V6i cac ma tran dudng chéo vuong, thay vi viét cd ma tran, ta c6 thé chi liet ké cac thanh
phan trén duong chéo. Vi dy, mot ma tran duong chéo vuong A € R™*™ c6 thé duge ky
hieu 1a diag(ay1, ass, . . - , Q) VOi az; 12 phan tit hang thi 4, cot thit ¢ clia ma tran A.

Tich, tong ctia hai ma tran duong chéo vuong ciing bac la mot ma tran duong chéo. Mot
ma tran duong chéo vuong 1a kha nghich néu va chi néu moi phan tit trén dudng chéo chinh
la khac khéong. Nghich dao cia mot ma tran dudng chéo kha nghich ciing 1a mot ma tran
duong chéo. Cu thé hon, (diag(ay, as, ..., a,))”" = diag(a; ', a5t ..., a;t).

’'n

1.5.2 Ma tran tam giac

Mot ma tran vuong duge goi 1a ma tran tam gidc trén (upper triangular matriz) néu tat ca
cac thanh phan ndm phia dudi duong chéo chinh bing 0. Twong ti, mot ma tran vuong dudc
goi 1a ma tran tam giac dudi (lower triangular matriz) néu tat ca cac thanh phan nam phia
trén duong chéo chinh bang 0.

Cac hé phuong trinh tuyén tinh ma ma tran hé sé c6 dang tam gidc thuong duge quan tam
vi chiing c6 thé dugc giai voi chi phi tinh todn thap (low computational cost). Xét hé:

111+ Q12%o+ -+ Al 1Tp_1t+  Q1pT, = b
ApTo+t -+ Gop_1Tp—2t  A2Tp = by
.. (1.10)
anfl,nflajnfl—i_ Ap—1nTp = bnfl
ApnTpn = bn

Hé nay co thé duoc viét gon dudi dang Ax = b v6i A la mot ma tran tam giac trén. Nhan
thay ring phuong trinh nay c6 thé giadi ma khong can tinh ma tran nghich ddo A~! (qua
trinh tinh ma tran nghich ddo thudng tén kha nhiéu thai gian), thay vao do, ta c6 thé giai
x,, duya vao phuong trinh cudi ciing. Sau khi ¢6 x,,, ta c6 thé thay né vao phuong trinh gan
cubi dé suy ra x,_1. Tiép tuc qua trinh nay, ta sé c6 nghiem cudi cling x. Qua trinh giai tit
cudi len dau va thay toan bo cic thanh phan di tim dugc vao phuong trinh hién tai dugc
goi 1& back substitution. Néu ma tran hé s6 1a mot ma tran tam gidc dudi, hé phuong trinh
c6 thé duge giai bang mot qua trinh ngude lai — lan lugt tinh z1 rdi 2, .., ,, qua trinh
nay dugc goi la forward substitution.

1.6 Dinh thitc

1.6.1 Dinh nghia

Dinh thiic clia mot ma tran vuong A duge ky hiéu 1a det(A) hosc det A. Cé nhiéu cach
dinh nghia khéc nhau cta dinh thic (determinant). Ching ta sé si dung cach dinh nghia
dya trén quy nap theo bac n cta ma tran.

V6i n =1, det(A) chinh la phan tit duy nhat ctia ma tran do.

V6i mot ma tran vudng bac n > 1:
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9 CHUONG 1. ON TAP DAI SO TUYEN TIiNH

a1 a12 ... Ay
n
a21 929 ... Aop

A= N = det(A) =) (—1)"ay; det(Ay;) (1.11)

j=1
Ap1 Ap2 - .. App

Trong d6 1 < i < n bat ky va A;; 1a phan ba dai s6 cia A dng vdi phan ti & hang i, cot j.
Phan bu dai s6 nay 1a mot ma tran con ciia A nhan duge tit A bang cach xoa hang thi i
va cot thit j ctia né. Day chinh 1a cach tinh dinh thic dua trén cach khai trién hang thi i
clia ma tran'.

1.6.2 Tinh chét
1. det(A) = det(AT): Mot ma tran bat ky va chuyén vi cia né ¢é dinh thic nhu nhau.

2. Dinh thic cia mot ma tran duong chéo (va vuong) bang tich cac phan ti trén duong chéo
chinh. N6i cach khac, néu A = diag(ay, as, ..., a,), thi det(A) = ajas . .. a,.

3. Dinh thiic ciia mot ma tran don vi bang 1.
4. Dinh thitc ciia mot tich bang tich cdc dinh thic.
det(AB) = det(A) det(B) (1.12)
véi A, B la hai ma tran vuong cting chiéu.
5. Néu mot ma tran cé6 mot hang hodc mot cot la mot vector 0, thi dinh thic ciia né bang 0.
6. Mot ma tran la kha nghich khi va chi khi dinh thic cia noé khac 0.

7. Néu mot ma tran khd nghich, dinh thiic ciia ma tran nghich ddo ciia né bang nghich ddo
dinh thic cia no.

det(A™1) = detl(A) vi det(A)det(A™!) = det(AA ™) = det(I) = 1. (1.13)

1.7 T hop tuyén tinh, khéng gian sinh

1.7.1 T6 hgp tuyén tinh

Cho céc vector khac khong ay, ..., a, € R™ va cac s6 thuyc z1,..., 2, € R, vector:

b=za; + 2089+ -+ x4, (1.14)
duge goi 1a mot to hop tuyén tinh (linear combination) clia ay,...,a,. Xét ma tran A =
[aj,a,...,a,] € R™" va x = [21,79,...,2,]T, bieu thitc (1.14) c6 thé duge viét lai thanh

b = Ax. Ta c6 thé noi ring b 1a mot t6 hop tuyén tinh cac cot ctia A.

! Viec ghi nhé dinh nghia nay khong thiic sy quan trong bing viéc ta cAn nhé mot vai tinh chit ciia né.
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CHUONG 1. ON TAP DAI SO TUYEN TiNH 10

Tap hop tat ca cac vector c6 thé biéu dién dude dusi dang mot t6 hop tuyén tinh ciia céc
cot ctia mot ma tran duge goi la khong gian sinh (span space, hodc gon la span) cac cot clia
ma tran d6. Khong gian sinh ctia mot hé céc vector thudng duge ky hiéu la span(ay, ..., a,).
Néu phuong trinh:

0=uxz1a; + 10020 + -+ x4, (1.15)

c6 nghiém duy nhat z; = x9 = --- = z,, = 0, ta n6i rang he {a;,as,...,a,} 1a mot he doc
lap tuyén tinh (linear independence). Ngugc lai, Néu ton tai x; # 0 sao cho phuong trinh
trén thod man, ta néi rang dé 1a mot hé phu thuoc tuyén tinh (linear dependence).

1.7.2 Tinh chét

1. Mot hé la phu thuoc tuyén tinh néu va chi néu ton tai mot vector trong hé dé la to hop
tuyén tinh cia cdc vector con lai. That vay, gid sit phuong trinh (1.15) ¢6 nghiém khac
khong. Gia st he s6 khac khong 1a z;, ta sé co:

—I1 —Ti-1 —Ti41 —Tn
ap +---+ a1+ Ajp1 T+ ...

7 7 7 X

a; = a, (1.16)

ttic a; 1a mot t6 hop tuyén tinh ctia cac vector con lai.

2. Tap con Kide vong ciia mipt e AAENANNNER /i) | MEEOEARNe i

3. Tap hop cdc cot ciia mot ma tran kha nghich tao thanh mot hé doc lap tuyén tinh.

Gia stt ma tran A kha nghich, phuong trinh Ax = 0 ¢6 nghiém duy nhat x = A='0 = 0.
Vi vay, cac cot clia A tao thanh mot hé doc lap tuyén tinh.

4. Néu A la mot ma tran cao (tall matriz), tic 56 hang lén hon s6 cot, m > n, thi ton tai
vector b sao cho Ax = b vo nghiém.

Viéc nay c6 thé dé hinh dung trong khong gian ba chiéu. Khong gian sinh ctia mot vector
1a mot duong théng, khong gian sinh ctia hai vector doc lap tuyén tinh 1a mot mat phang,
titc chi biéu dién duge cac vector nam trong mat phéng do.

Ta ciing c¢6 thé ching minh tinh chit nay bing phan ching. Gia st moi vector trong
khong gian m chiéu déu nam trong khong gian sinh ctia mot hé n < m vector 1a cic cot
cua mot ma tran A. Xét cac cot ciia ma tran don vi bac m. Vi moi ¢ot clia ma tran nay
déu c6 thé biéu dién dudi dang mot to hgp tuyén tinh ctia n vector da cho nén phuong
trinh AX = I c¢6 nghiém. Néu ta thém céc vao cac cot bang 0 va cac hang bang 0 vao A

}(ﬂ = L. Viéc nay chi ra réng [A 0] la

moOt ma tran kha nghich trong khi né c6 cac cot bang 0. Day 1a mot diéu vo 1y vi theo
tinh chat ctia dinh thic, dinh thic cia [A 0] bang 0.

va X dé dugc cac ma tran vuong, ta sé co [A O} l

5. Néu n > m, thi n vector bat ki trong khong gian m chiéu tao thanh mot hé phu thuoc
tuyén tinh. Xin dudc bé qua phan chiing minh.
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11 CHUONG 1. ON TAP DAI SO TUYEN TiNH

1.7.3 Co s cia mot khong gian

Mot hé cac vector {ay,...,a,} trong khong gian vector m chiéu V = R™ dugc goi 1a mot co
sd (basic) néu hai diéu kién sau duge thod méan:

1. V =span(ay,...,a,)

2. {ay,...,a,} 1a mot he doc lap tuyén tinh.

Khi d6, moi vector b € V déu c¢6 thé biéu dién duy nhat dusi dang mot t6 hop tuyén tinh
cia cac a;.

Tt hai tinh chat cudi 6 muc trudce, ta cé thé suy ra ring m = n.
1.7.4 Range va Null space

V6i mo6i ma tran A € R™*™, ¢6 hai khong gian con quan trong ting véi ma tran nay.

1. Range cia A. Range cia A, dugc dinh nghia la:

RA)={yeR":Ix e R" Ax =y} (1.17)

N6i cach khac, R(A) 1a tap hop céac diém la t6 hgp tuyén tinh clia cac cot clia A, hay
chinh 1a khong gian sinh (span) ctia céc cot cia A. R(A) la mot khong gian con ctia R™
v6i s6 chiéu chinh bang so6 lugng 16n nhat cac cot cia A doc lap tuyén tinh.

2. Null ctia A, ky hiéu 1a N'(A), duge dinh nghia la:
NA)={xeR": Ax =0} (1.18)

Méi vector trong N'(A) chinh 13 mot bo cac hé s6 lam cho t6 hgp tuyén tinh cac cot clia
A tao thanh mot vector 0. N'(A) c¢6 thé duge chiing minh 13 mot khong gian con trong
R"™. Khi céc cot cia A 1a doc lap tuyén tinh, theo dinh nghia, N(A) = {0} (chi gom
vector 0).

R(A) va N(A) la cdc khong gian con vector véi s6 chieu lan lugt 1a dim(R(A)) va
dim(N(A)), ta c6 tinh chat quan trong sau day:

dim(R(A)) + dim(N(A)) =n (1.19)

1.8 Hang cua ma tran

Xét mot ma tran A € R™*™. Hang (rank) cia ma tran nay, ky hiéu la rank(A), dugc dinh
nghia 1 s6 luong 16n nhat cac cot clia né tao thanh mot hé doc lap tuyén tinh.
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Cac tinh chat quan trong ctia hang:

1. Mot ma tran c6 hang bang 0 khi va chi khi né 1a ma tran 0.
2. rank(A) = rank(AT). Hang ctia mot ma tran bing hang ctia ma tran chuyén vi. Néi cach
khac, s6 luong 16n nhat cac cot doc lap tuyén tinh clia mot ma tran bang véi sd luong

16n nhat cac hang doc lap tuyén tinh clia ma tran d6. Tt day ta suy ra:

3. Néu A € R™" thi rank(A) < min(m,n) vi theo dinh nghia, hang ciia mot ma tran
khong thé 16n hon sé hang hoiic s6 cot clia né.

4. rank(AB) < min(rank(A), rank(B))

5. rank(A + B) < rank(A) + rank(B). Diéu nay chi ra rdng mot ma tran c6 hang bang k
khong dude biéu dién duéi dang it hon k ma tran c¢6 hang bing 1. Dén bai Singular Value
Decomposition, chiing ta sé thiy ring mot ma tran c6 hang bing k c6 thé biéu dién dugc
dudi dang ding k ma tran c6 hang bang 1.

6. Bat dang thiic Sylvester vé hang: Néu A € R™*" B € R™**_ thi

rank(A) + rank(B) —n < rank(AB)

Xét mot ma tran vuong A € R™, hai diéu kien bat ky duéi day 1a tuong duong:
1. A la mot ma tran kha nghich. 3. det(A) # 0.

2. Céc cot cia A tao thanh mot co sé trong 4. rank(A) =n
khong gian n chiéu.

1.9 Hé truc chuan, ma tran truc giao

1.9.1 Dinh nghia

Mot hé co sé {uj,uy,...,u, € R™} duge goi 1a truc giao (orthogonal) néu mdi vector la
khac 0 va tich ctia hai vector khac nhau bat ky bang 0:

W, #0; wu=0Y1<i#j<m (1.20)
Mot hé co s6 {uy,uy, ..., u,, € R™} dugc goi la tryc chudn (orthonormal) néu né 1a mot hé
truc giao va do dai Euclidean (xem thém phan £, norm) clia mdi vector bang 1:
1 néui=j
T
u; u; { 00w, (1.21)

(0.w. 1a cach viét ngan gon clia trong cdc truong hop con lai (viét tat clia otherwise).)
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13 CHUONG 1. ON TAP DAI SO TUYEN TiNH

Goi U = [uy, uy, ..., u,] véi {u, uy, ..., u, € R™} 1a truc chuan, tit (1.21) c6 thé suy ra:
uu’ =v'Uu =1 (1.22)

trong d6 I 1a ma tran don vi bac m. Néu mot ma tran thod man dieu kien 1.22, ta goi né
& ma tran truc giao (orthogonal matriz). Ma tran logi nay khong khong duoc goi la ma tran
truc chuan, khong c¢é dinh nghia cho ma tran truc chudn.

Néu mot ma tran vuong phitc U thod man UU# = UYU = I, ta néi rang U 1a mot ma
tran unitary (unitary matriz).

1.9.2 Tinh chat ctia ma tran truc giao
1. U™ = UT: nghich dao ctia mot ma tran truc giao chinh 1a chuyén vi clia no.
2. Néu U la ma tran tryc giao thi Chuyén vi ctia n6 U7 ciing 14 mot ma tran tryc giao.

3. Dinh thiic ctia ma tran truc giao bang 1 hodic —1. Diéu nay c6 thé suy ra tit viéc det(U) =
det(UT) va det(U) det(UT) = det(I) = 1.

4. Ma tran tryc giao thé hién cho phép xoay mot vector (xem thém muc 1.10). Gia stt c6
hai vector x,y € R™ va mot ma tran tryc giao U € R™ ™. Diing ma tran nay dé xoay
hai vector trén ta dugc Ux, Uy. Tich vo huéng ctia hai vector mdéi la:

(Ux)"(Uy) = x"U"Uy = x"y (1.23)
nhu vay phép zoay khong lam thay doi tich vo hudng gita hai vector.

5. Giast U € R™ " r < m la mot ma tran con cua ma tran tryuc giao U dudc tao bdi r cot
ctia U, ta sé c6 UTU = I,.. Viéc nay c6 thé duge suy ra tit (1.21).

1.10 Biéu dién vector trong cac hé cd s khac nhau

Trong khong gian m chiéu, toa do ctia méi diém dugce xac dinh dua trén mot hé toa do nao
ds. O cac heé toa do khac nhau, hién nhién 1a toa do clia méi diém ciing khac nhau.

Tap hop cac vector ey, ..., e, ma mdi vector e; c6 diing 1 phan tit khac 0 ¢ thanh phan thi
i va phan tit d6 bang 1, duge goi 1a hé co sé don vi (hosic he don vi, hosic hé chinh tic) trong
khong gian m chieéu. Néu xép cac vector e;,7 = 1,2, ..., m theo ding thi ty do, ta sé dugc
ma tran don vi m chiéu.

M&di vector ¢ot x = [z1, X2, ..., Ty € R™ 6 thé coi 1a mot to hgp tuyén tinh ciia cac vector
trong hé co sé chinh tac:
X =2x1€1 + T2€y + -+ + Tpey (124)
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Hinh 1.1: Chuyén d8i toa dé trong

€24 cdc hé co s6 khac nhau. Trong
u hé toa d6 Oe ey, x cb toa do la
To X (z1,15). Trong hé toa d& Ouju,,
uz n x ¢6 toa do6 13 (y2,y2).
Yy s €1
O L1
Gia sit c6 mot hé co s6 khac uy,uy, ..., u,, (cic vector nay doc lap tuyén tinh), biéu dién

cua vector x trong hé co sé méi nay c6 dang:
X =y + Yoy + -+ Yy, = Uy (1.25)

voi U = [u; ... u,,]. Lic nay, vector y = [y1,¥s, . ..,¥m)" chinh 1a biéu dién cta x trong he
co s6 méi. Biéu dién nay la duy nhat vi y = U™ lx.

Trong cac ma tran déng vai tro nhu hé cd sd, cac ma tran tryc giao, titc UTU = I, dude quan
tam nhiéu hon vi nghich dao ctia chiing chinh la chuyén vi ctia chiing: U~! = U”. Khi d6, y ¢6
thé dugce tinh mot cach nhanh chéng y = UTx. Tir dd suy ra: y; = x u; = ul/x,i = 1,...,m.
Duéi géc nhin hinh hoc, hé tryc giao tao thanh mot hé truc toa do Descartes vuong géc ma
chiing ta da quen thuoc trong khong gian hai chiéu hosic ba chiéu.

C6 thé nhan thay ring vector 0 dugc biéu dién nhu nhau trong moi hé co sé. Hinh 1.1 1a
mot vi du vé viec chuyén hé co sé trong khong gian hai chiéu.

Viéc chuyen doi hé co sé stt dung ma trén truc giao c6 thé duge coi nhu mot phép xoay
truc toa do. Nhin theo mot cach khac, day cling chinh la mot phép xoay vector dit liéu theo
chiéu nguge lai, néu ta coi cac truc toa do 1a c6 dinh. Trong chuong Principle Component
Analysis, ching ta sé thay dude mot ting dung quan trong clia viéc doi hé co sé.

1.11 Tri riéng va vector riéng
1.11.1 Dinh nghia

Cho mot ma tran vuong A € R™" mot vector x € R™"(x # 0) vA mot sd6 vo hudng (c6
thé thuc hoac phtic) A\. Néu Ax = \x, thi ta néi A va x 1a mot cap tri riéng, vector riéng
(eigenvalue, eigenvector) ciia ma tran A.

T dinh nghia ta ciing c6 (A — AI)x = 0, tiic x ndm trong null space ctia A — A\I. Vi x # 0,
A — I 1a mot ma tran khong khé nghich. N6i cach khac det(A — AI) = 0, tiic A 1a nghiém
cia phuong trinh det(A — ¢tI) = 0. Dinh thic nay 1a mot da thic bac n cta ¢, duge goi 1a
da thitc dac trung (characteristic polynomial) cia A, duge ky hieu 1a pa (). Tap hop tat ca
cac tri riéng ctia mot ma tran vuong con duge goi la phé (spectrum) clia ma tran do.
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1.11.2 Tinh chéat

1. Néu x la mot vector rieng ctia A ting véi A thi kx, Vk # 0 ciing 1a vector riéng ting vdi
tri rieng dé. Néu x;,X, 1a hai vector riéng ing v6i cling tri rieng A, thi tong ctia ching
ciing la mot vector ing véi tri rieng d6. Tu d6 suy ra tap hop cac vector riéng ing véi
mot tri riéng cia mot ma tran vuong tao thanh mot khong gian vector con, thuong duge
goi la khong gian riéng (eigenspace) ting véi tri rieng do.

2. Moi ma tran vuong bac n déu c6 n tri rieng (k& ca lap) va c6 thé 1a cic s phitc.

3. Tich ciia tit ca cac tri rieng ciia mot ma tran bang dinh thic ctia ma tran d6. Tong tat
ci cac tri rieng clia mot ma tran bang tong cac phan ti tren duong chéo ctia ma tran doé.

2 2 ~ ~ ) 2 2 ~ 2 . 2 -
4. Pho ctia mot ma tran bang pho ctia ma tran chuyén vi ctia no.

5. Néu A, B la cac ma tran vuong ciing bac thi pas(t) = ppa(t). Diéu nay nghia la, mic
dit tich ctia hai ma tran khong c6 tinh chat giao hoan, da thic dic trung cia AB va BA
la nhu nhau. Tic pho cla hai tich nay la tring nhau.

6. V6i ma tran doi xing (hodc tong quat, Hermitian), tat ci céc tri rieng clia né déu la cac
sO thye. That vay, gia st A 1a mot tri rieng ciia mot ma tran Hermitian A va x 1a mot
vector riéng ting véi tri rieng d6. T dinh nghia ta suy ra:

Ax = x = (Ax)7 = T = AT =x"A (1.26)
v6i A 1a lien hiép phitc ciia s6 vo huéng A. Nhan ca hai vé vao bén phai véi x ta co:
MIxx =xTAx = &xfx = (A - xPx =0 (1.27)

vi x # 0 nén xPx # 0. Tit d6 suy ra A = A, tidc A phai la mot s6 thuc.
7. Néu (A, x) 1a mot cap tri rieng, vector rieng clia mot ma tran khé nghich A, thi (5, x) 1a
mot cap tri rieng, vector rieng cia A7l vi AX = \x = %x = A

1.12 Chéo hoa ma tran

Viéc phan tich mot dai lugng toidn hoc ra thanh cac dai luong nhé hon mang lai nhiéu hieu
qué. Phan tich mot sé thanh tich cac thita s6 nguyen t6 gitp kiém tra mot s6 c6 bao nhiéu
u6e s6. Phan tich da thic thanh nhan ti gitp tim nghiém ctia da thitc. Viéc phan tich mot
ma tran thanh tich ctia cadc ma tran c6 dang dic biét khac (qua trinh nay duge goi 1a matriz
decomposition) ciing mang lai nhiéu 1¢i ich trong viéc gidi he phuong trinh mot cach hieu
qud, tinh luy thita clia ma tran, xap xi ma tran, nén dit lieu, phan cum di lieu, v.v. Trong
muc nay, ching ta sé o6n lai mot phuong phap matrix decomposition quen thudéc—phuong
phép chéo hoa ma tran (diagonalization hoac eigendecomposition).

Gia st x1,...,X, # 0 la cac vector riéng cia mot ma tran vuong A ng v4i cac tri riéng
AL, ..., A (c6 thé lap hoac 1a cic s6 phiic) ctia n6. Tic 1a Ax; = \ix;, Vi=1,...,n.
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biat A = diag(A1, A2, ..., Ap), va X = [X]_,XQ, o ,Xn], ta sé c6 AX = XA. Hon nita, néu
cac tri riéng X, ..., X, 14 doc lap tuyén tinh, ma tran X 14 mot ma tran kha nghich. Khi do6
ta c6 thé viet A dudi dang tich ciia ba ma tran:

A =XAX! (1.28)

Cac vector riéng x; thuong dugc chon sao cho Xisz- = 1. Cach biéu dién mot ma tran
nhu (1.28) dugce goi la eigendecomposition vi né tach ra thanh tich clia cdc ma tran dic biét
dua trén vector riéng (eigenvectors) va tri riéng (eigenvalues). Ma tran céc tri rieng A la
mot ma tran duong chéo. Vi vay, cach khai trién nay ciing c6 tén goi 1a chéo hod ma tran.

Tinh chat:

1. Khai niém chéo hoa ma tran chi ap dung véi ma tran vuong. Vi khong c¢6 dinh nghia
vector riéng hay tri riéng cho ma tran khong vuong.

2. Khong phai ma tran vuong nao ciing c¢6 thé chéo hod duoc (diagonalizable). Mot ma tran
vuong bac n 1a chéo hoa duge néu va chi néu né c6 di n tri rieng doc 1ap tuyén tinh.

3. Néu mot ma tran 1a chéo hoa duge, c6 nhiéu hon mot cach chéo hoa ma tran d6. Chi can
doi vi tri ctia cac A; va vi tri tuong tng cac cot ciia X, ta sé c6 mot cach chéo hoa mdi.

4. Néu A c6 thé viét duge dusi dang (1.28), khi d6 cac luj thita cé né ciing chéo hoa dudgc.
Cu thé:

A? = (XAX H(XAX ) =XA2X ! AP =XA"X"! VEeN (1.29)

Xin cht ¥ ring néu A v& x 1a mot cap (tri riéng, vector rieng) ctia A, thi A* v x 13 mot
cap (tri rieng, vector rieng) ctia A*. That vay, Afx = A* 1(Ax) = MAFIx = ... = Mx.

5. Néu A kha nghich, thi A7! = (XAX )"t = XA~!X"L. Vay chéo hoa ma tran ciing c6

ich trong viéc tinh ma tran nghich dao.

1.13 Ma tran xac dinh duong

1.13.1 Dinh nghia
Mot ma tran doi xiing® A € R™"™ dugc goi 1a zdc dinh duong (positive definite) néu:
< xTAx > 0,%« €R",x #0. (1.30)
Mot ma tran ddi xing A € R™ " dugc goi 1a nita xdc dinh duong (positive semidefinite) néu:
x'Ax > 0,¥x € R",x # 0. (1.31)

Trén thyc té, ma tran nita xac dinh duong, duge viét tat 1a PSD, dude st dung nhiéu hon.

2 Chu ¥, ton tai nhitng ma tran khong déi xting thod man didu kien (1.30). Ta sé khong xét nhiing ma tran nay.
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Ma tran zdc dinh am (negative definite) va nia xdc dinh am (negative semi-definite) cing
duge dinh nghia tuong ti.
Ky hieu A >~ 0,> 0,< 0, =< 0 dugc ding dé chi mot ma tran la xéc dinh duong, nita xéc
dinh duong, xac dinh am, nita xac dinh am, theo thi tu d6. Ky hiéu A > B ciing duge dung
dé chi ra ring A — B > 0.

Mé rong, mot ma tran phiic, Hermitian A € C™*" dudc goi 1a xac dinh duong néu:

xTAx > 0,vx € C",x # 0. (1.32)
Vidu, A = {_11 _11} la nita xac dinh dwong vi v6i moi vector x = [ﬂ , ta co:
T I =1} |u 2 2 2
x"Ax = [uv] 11| | T A —2uv = (u—v)">0,Yu,v € R (1.33)

1.13.2 Tinh chéat
1. Moi tri riéng ctia mot ma tran zdc dinh duong déu la mot so thuc duong.

Trude hét, cic tri rieng clia cac ma tran dang nay 1a s6 thuc vi cdc ma tran deu 1a doi
xiing. Dé chitng minh ching la céc s6 thuc duong, ta gid st A 1a mot tri rieng ctia mot
ma tran xac dinh duong A va x # 0 la mot vector riéng ting véi tri rieng dé. Nhan vao
bén trai ca hai vé clia Ax = \x véi x ta co:

Mxfx = x"Ax > 0 (1.34)

(6 day Hermitian dugc ding dé xét tong quat cho ca trusng hop ma tran phic). Vi x¥x
luon duong véi moi x nén ta phai c6 A > 0. Tuong tu, ta c6 thé chitng minh dugc ring
moi tri riéng cia mot ma tran nita xac dinh duong la khong am.

2. Moi ma tran zdc dinh duong la khd nghich. Hon nita, dinh thic ciia né la mot so duong.

Diéu nay duge tryc tiép suy ra tit tinh chat 1. Nhac lai rang dinh thic clia mot ma tran
bang tich tat cd cac tri rieng ctia no.

3. Tiéu chuan Sylvester: Mot ma tran Hermitian la zdc dinh duong néu va chi néu moi
leading principal minors cua no la duong. Mot ma tran Hermitian la nida xdc dinh duong
néu moi principal minors ciia né la khong am. Day 1a mot tiéu chuan dé kiém tra mot ma
tran Hermitian A € R" ¢6 la (nita) xac dinh duong hay khong. 0 day, leading principal
minors va principal minors duge dinh nghia nhu sau:

Goi Z 1a mot tap con bat ky ctia {1,2,...,n}, Az 1a ma tran con ciia A nhan dugc bang
cach trich ra cac hang va cot ¢6 chi s6 nam trong Z ctia A. Khi d6, Az va det(Az) lan
luot duge goi 1a mot ma tran con chinh (principal submatriz) va principal minor cia A.
Néu Z chi bao gom céc s6 ty nhién lien tiép tit 1 dén k& < n, ta n6i Az va det(Az) lan
luot 1a mot leading principal submatriz va leading principal minor bac k cia A.
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4. A = BB la nia xdc dinh duong vdi moi ma tran B (B khong nhat thiét vuong).
That vay, véi moi vector x # 0 v6i chiéu phtt hop, x? Ax = x"B#Bx = (Bx)”(Bx) > 0.

5. Khai trién Cholesky (Cholesky decomposition): Moi ma tran Hermitian, mita zdc dinh
duong A déu biéu dién duge duy nhat dudi dang A = LLY | trong dé L la mot ma tran
tam gidc dudi vdi cac thanh phan trén duong chéo la thuc duong.

6. Néu A la mot ma tran nita zdc dinh duong, thi x' Ax =0 < Ax = 0.
Néu Ax = 0 = x"Ax = 0 mot cach hién nhieén.
Néu x” Ax = 0. V6i vector y # 0 bat k¥ c6 ciing kich thudc véi x, xét ham s6 sau day:
F) = (x+2y) " A(x + Ay) (1.35)

Ham s6 nay khong am véi moi A vi A 1a mot ma tran nita xac dinh duong. Day 1a mot
tam thiic bac hai ctia A:

F) =y Ay ? 4+ 2yTAx) + xTAx = yTAy)? 4+ 2yT Ax) (1.36)
Xét hai truong hgp:
o yI'Ay =0. Khi dé, f(\) = 2yTAx\ > 0,V néu va chi néu y"Ax = 0.

e y'Ay > 0. Khi d6 tam thiic bac hai f(\) > 0,V néu va chi néu A’ = (y'Ax)?2 <0
vi hé sb ting v6i thanh phan bac hai bang y” Ay > 0. Diéu nay ciing dong nghia véi
viec yTAx =0

Tém lai, yTAx = 0, Vy # 0. Diéu nay chi xay ra néu Ax = 0. O

1.14 Chuan cua vector va ma tran

Trong khong gian mot chiéu, khoang cach giita hai diém la tri tuyét déi ctia hieu giita hai gié
tri d6. Trong khong gian hai chiéu, tiic mat phang, chiing ta thuong diing khoang cach Euclid
dé do khoang cach gitta hai diém. Khoang cach nay chinh la dai lugng ching ta thuong néi
bang ngon ngit thong thuong 1a duong chim bay. Doi khi, dé di tit mot diém nay t6i mot
diém kia, con ngudi ching ta khong thé di bang dudng chim bay dugc ma con phu thuoc
vao viec duong di ndi gitta hai diém c6 dang nhu thé nao.

Viec do khoang cach gitta hai diém dit lieu nhiéu chiéu, titc hai vector, 1a rat can thiét trong
Machine Learning. Va d6 chinh 1a 1y do ma khéi niém chuan (norm) ra doi. Dé xac dinh
khodng cach gita hai vector y va z, ngudi ta thuong ap dung mot ham s6 lén vector hiéu
X =y — z. Ham s6 nay can c¢6 mot vai tinh chat dac biét.
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1 Hinh 1.2: Minh hoa ¢; norm va /,
Ix —yli = |1 — 1| + |22 — vo norm trong khong gian hai chiéu. ¢,
norm chinh |a khodng cach giia hai
X R v 2 .
Taf- diém trong mat phang. Trong khi
= Ix dé ¢, norm 13 quing dudng ngin
N A nhat gilta hai diém néu chi dugc di
< theo cdc dudng song song vdi cac
o |21 — 1] y truc toa do.
Y2 -+ \
|z 1
I Y1 i
Dinh nghia 1.1: Norm
Mot ham s6 f : R® — R dudc goi 1a mot norm néu né théa man ba diéu kién sau day:
1. f(x) > 0. Dau bang x4y ra < x = 0.
2. flax) = |a|f(x), VaeR
3. f(Xl) + f X2) > f(Xl + Xg), VXl,Xg e R"”

Diéu kién thi nhat 13 dé hiéu vi khoang cach khong thé 1a mot s am. Hon nita, khoang
cach giita hai diém y v& z bing 0 néu va chi néu hai diém né triing nhau, tiicx =y — z = 0.

Piéu kién thit hai ciing c6 thé duge 1y giai nhu sau. Néu ba diém y, v va z thang hang,
hon nita v — y = a(v — z) thi khodng cich giita v v y gap |a| 1an khoang cach gitta v va z.

Diéu kién thi ba chinh la bat dang thic tam giac néu ta coi x; =y — W, Xy = W — z V6i
w 13 mot diém bét ky trong cting khong gian.

1.14.1 Mot s6 chuin vector thudng dung

Do dai Euclid ctia mot vector x € R™ chinh 1& mdt norm, norm nay dugc goi la /5 norm hoéc
Euclidean norm:

Ixlle = /23 + a3+ - + a2 (1.37)

Binh phuong ctia £, norm chinh la tich vo huéng ctia mot vector véi chinh né, ||x||3 = x7x.

V6i p 1a mot s6 khong nhé hon 1 bét ky, ham sé:
1
1%llp = ([z1]” + [z2]” + . .- |2a ") (1.38)
dude chitng minh théa man ba diéu kién ctia norm, va dude goi 1a ¢, norm.

C6 mot vai gia tri cia p thuong duge dung:

1. Khi p = 2 chiing ta ¢6 ¢, norm nhu & trén.
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2. Khi p = 1 ching ta ¢6 ¢; norm: ||x||; = |z1] + |22| + -+ + |z, 12 tong céc tri tuyet ddi
clia tung phan ti ciia x. Hinh 1.2 14 mot vi du sanh ¢; norm va ¢, norm trong khong
gian hai chiéu. Norm 2 (mau xanh) chinh 1a duong thang chim bay ndi giita hai vector x
va y. Khoang cach ¢; norm giita hai diém nay (mau dd) cé thé dién gidi nhu 1a duong di
ti x t6i y trong mot thanh phé ma duong phd tao thanh hinh ban cd. Chung ta chi c6
cach di doc theo canh ctia ban ¢ ma khong duge di thang nhu dusng chim bay.

3. Khi p — o0, gid st i = argmax;j_y2__,|z;|. Khi do:

p

p p

1
x Ti— T Zn [P\ P
I = aaf (14| 2 e |2 |22 | 20T )
Z; ZT; 3 €T
Ta thay rang:
p P T N
lim (1+ 1 NI Ti1 Litl et In ) =1 (1.40)
p—00 ‘ ZT; ZT; Z;

vi dai lugng trong dau ngodc don khong vust qua n, ta sé co:

A = |p.| = .
Felloc = lim [jxefl, = o] = max a] (1.41)

1.14.2 Chuéan Frobenius ctia ma tran

V6i mot ma tran A € R™*", chuan thuong duge dung nhat 1a chuan Frobenius, ky hiéu la
|A]|7 14 can bac hai ctia tong binh phuong tat ca cic phan ti clia ma tran do.

Chti ¥ ring ¢, norm ||A|ls 13 mot norm khac cia ma tran, khong phd bién bing Frobenius
norm. Ban doc c¢6 thé xem £, norm ctia ma tran trong Phu luc ?7?.

1.14.3 Vét ctia ma tran
Vét (trace) clia mot ma tran vuong la tong tat ca ca phan tit trén dudng chéo chinh ciia né.

Vét clia mot ma tran duge A duge ky hieu 1a trace(A). Ham sb trace xac dinh trén tap cac
ma tran vuong dugc st dung rat nhiéu trong t6i uu vi nhitng tinh chat dep ctia no.

Cac tinh chat quan trong clia ham trace, v6i gid sit rang cac ma tran trong ham trace la
vuong va cac phép nhan ma tran thyc hién duge:

e Mot ma tragn vuong bat ky va chuyén vi ciia né cé trace bing nhau trace(A) = trace(AT).
Viéc nay kha hién nhién vi phép chuyén vi khong lam thay doi cac phan tit trén dudng
chéo chinh ciia mot ma tran.
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e trace ciia mot tong bing tong cic trace: trace(Y2F_ | A;) = S2F | trace(A,).

o trace(kA) = ktrace(A) v6i k 1a mot s6 vo hudng bat ky.

e trace(A) = Zfil A; v6i A 1a mot ma tran vuong va A;, i = 1,2,..., N la toan bo céac tri
rieng clia no, ¢ thé phiic hodc lap. Viée chiing minh tinh chat nay cé thé dugce dua trén

ma tran dac trung ciia A va dinh 1y Viete.

e trace(AB) = trace(BA). Dang thiic nay dugc suy ra tit viéc da thiic dic trung cia AB
va BA la nhu nhau. Ban doc ciing c6 thé chiing minh bang cach tinh truc tiép cac phan
tr trén duong chéo chinh ciia AB va BA.

o trace(ABC) = trace(BCA) nhung trace(ABC) khong dong nhat véi trace(ACB).
e Néu X la mot ma tran kha nghich cung chiéu véi A:
trace(XAX 1) = trace(X 'XA) = trace(A) (1.42)

o ||A]|%2 = trace(ATA) = trace(AAT) véi A 1a mot ma tran bat ky. Tu day ta ciing suy ra
trace(AAT) > 0 v6i moi ma tran A.
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Chuong 2 |

Giail tich ma tran

Trong chuong nay, néu khong néi gi thém, ching ta gid si rang cac dao ham ton tai. Tai
ligu tham khéo chinh cta chuong 1a Matriz calculus—Stanford (https:// goo.gl/ BiTPLr).

2.1 Pao ham ctia ham tra vé mot s6 vé huéng

Dao ham bac nhat (first-order gradient) hay viét gon 14 dao ham (gradient) clia mot ham
s6 f(x) : R" = R theo x dugc dinh nghia 1a

0f(x)

af(x)
Vif(x)2 | 922 | eRrr (2.1)

9f(x)

L Oz, -

trong do 9/ (x)

1a dao ham riéng (partial derivative) ctia ham s6 theo thanh phan thi i clia
i

vector x. Dao ham nay dugce 1ay khi tat cd cac bién, ngoai z;, duge gid st 1a hang s6. Néu

khong c6 them bién nao khac, V, f(x) thuong duge viét gon 1a V f(x). Dao ham ctia ham

s6 nay la mot vector cé cung chiéu véi vector dang dudgc lay dao ham. Tic néu

vector dugc viét ¢ dang cot thi dao ham ciing phai dudge viét & dang cot.

Dao ham bac hai (second-order gradient) ctia ham s6 trén con duge goi 14 Hessian va dugc
dinh nghia nhu sau, v6i S* € R™*" 1a tap cac ma tran vuong doéi xiing bac n.

Pfx) Pfx)  Pf(x)]

0r?  Ox 0z~ Ox,01,
Pf(x) PPflx)  Pf(x)
V2 f(x) & Ox90z1 O3  Ox90xy, csn (2.2)

Pf(x) PPflx)  Pf(x)
| 01,011 0x,0x2 = 012
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Dao ham ciia mot ham s6 f(X) : R™*™ — R theo ma tran X dugc dinh nghia 1a

[0f(X) 0f(X)  Of(X)]

Oxry;  Oxs 0T
of(X) 0f(X)  9f(X)
ViX) = Oryr  Oway ~ Oxam e R™™ (2.3)

f(X) 9f(X)  9f(X)

- axnl aan 6xnm -

Chiéu ctua dao ham

Dao ham ciia ham so f : R™" — R la mot ma tran trong R™ ™, ¥Ym,n € N*.

Cu thé, dé tinh dao ham ctia mot ham f : R™™ — R, ta tinh dao ham riéng ctia ham s6 d6
theo ting thanh phan ctia ma tran khi toan bo cdc thanh phan khdc dudc gid st la hdang so.
Tiép theo, ta sap xép cac dao ham riéng tinh dudc theo ding thit tir trong ma tran.

Vi du: Xét ham s6 f: R2 = R, f(x) = 22 + 22129 + sin(z1) + 2.

Dao ham bac nhat theo x ctia ham s6 dé 1a

8f_(x) 2xq + 2x9 + cos(zq)
Vi) = | O =
97(x) .
811)2 !

0’f(x) 0f*(x) ,
0x?  Ox102, 2 —sin(zy) 2

Dao ham bac hai theo x, hay Hessian 1a V2f(x) = Pfx) 0fx) |
X X
Or90x,  Ox3

2 0

Chu y rang Hessian ludn 1a mot ma tran doi xing.
2.2 Pao ham cuia ham tra vé mot vector

Nhitng ham so trda vé mot vector, hodac gon hon ham trd vé vector dude goi la vector-valued
function trong tiéng Anh.

Xét mot ham tra vé vector véi dau vao 1a mét sé thuc v(z) : R — R™
v ()
va ()

v(x) = f (2.4)

Un ()
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Dao ham ctia ham s6 nay theo z 13 mot vector hang nhu sau:

Vo(z) 2 {81}1 () Ouy(x) (%n(x)} (2.5)
oz or  Ox
Dao ham bac hai ctia ham s6 nay c6 dang
Vio(z) & D?vi(x) DP*va(x)  0?v,(w) (2.6)
R dz2 T 0a? '

Vi du: Cho mot vector a € R™ v mot ham s6 vector-valued v(z) = xa, dao ham bac nhat
va Hession ctia n6 lan lugt 1a

Vu(z) =a’, V?(z)=0¢eR>" (2.7)

Xét mot ham tra vé vector véi dau vao 1a mot vector h(x) : RF — R”, dao ham bac nhat
cia no la

[ Ohy(x) Ohy(x)  Ohy(x)]
(9.1'1 8:61 o 8.1'1
8h1 (X) 3h2 (X) ahn(X)
Vh(x)2 | 02 0w 0%2 | = | Yy (x) Vha(x) ... th(x)} € R¥™ (2.8)
Ohy(x) Oha(x)  Ohy,(x)
L 8xk 8SL’k o al’k .
[ Néu mot ham s6 g : R™ — R", thi dao ham cia né la mot ma tran thuoc R™<". ]

Dao ham bac hai cia ham s6 trén 1a mot mdng ba chiéu, ching ta sé khong nhic dén & day.

Truée khi dén phan tinh dao ham clia cac ham s6 thuong gap, ching ta can biét hai tinh
chat quan trong kha gidng véi dao ham ctia ham mot bién.

2.3 Tinh chat quan trong ctia dao ham
2.3.1 Quy téac tich (Product rule)

Dé cho tong quat, ta gia sit bién dau vao la mot ma tran. Gia st ring cdc ham s6 c6 chiéu
phit hop dé cac phép nhan thuc hién duge. Ta co:

V (f(X)"9(X)) = (Vf(X)) 9(X) + (Vg(X)) f(X) (2.9)
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Biéu thitc nay giéng nhu biéu thiic chiing ta da quen thuoc:

(f(2)g(x))" = f'(z)g(z) + ¢'(x) f(x)
Chu y rang vdi tich clia vector va ma tran, ta khong duge stt dung tinh chat giao hoan.
2.3.2 Quy tac chudi (Chain rule)

Khi ¢6 cac ham hop thi
Vxg(f(X)) = (Vxf)' (V9) (2.10)

Quy tac nay ciing giong véi quy tic trong ham mot bién:

(9(f(2)))" = f'(x)g'(f)

Mot luu ¥ nhé nhung quan trong khi lam viéc véi tich cac ma tran la sy phu hop vé kich
thude cia cac ma tran trong tich.

2.4 Dao ham ctia cac ham sé thudng gip
2.4.1 f(x) =aTx

Gid st a,x € R", ta viét lai  f(x) = al'x = a121 + asxa + -+ + apxy

2 Z N a
C6 thé nhan thay rang g(x) =a;, Vi=1,2...,n.

%

Vay, V(a'x) = [a1 az . .. an]T = a. Ngoai ra, vi al’x = x’a nén V(x'a) = a.

2.4.2 f(x) = Ax

Day 1a mot ham tra vé vector f : R® — R™ véi x € R?, A € R™*", Gia st rang a; 13 hang
th 7 cla ma tran A. Ta c6
a1 x
asX
Ax =
a,x

Theo dinh nghia (2.8), va cong thiic dao ham clia a;x, ta c6 thé suy ra

Vx(Ax) = [a] a] ...al] = A" (2.11)

Tit day ta c6 the suy ra dao ham ciia ham s6 f(x) = x = Ix, vdi I 14 ma tran don vi, 1a

Vx =1
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2.4.3 f(x) = xTAx

véi x € R", A € R, Ap dung quy tdc tich (2.9) ta c6
Vix) =V ((x")(Ax))
= (V(x)) Ax + (V(Ax))x
—TAx + ATx
=(A+A")x (2.12)

Tir (2.12) v (2.11), ta c6 thé suy ra V2xTAx = AT + A
Néu A 1a mot ma tran déi xing, ta sé c6 VxTAx = 2Ax, V*xTAx=2A

T

Néu A la ma tran don vi, tiic f(x) = x'Ix = x'x = [|x||3, ta c6

Vx| =2x,  V2[x|f} = 2I (2.13)

2.4.4 f(x) = ||[Ax — b]|2
C6 hai cach tinh dao ham ctia ham s6 nay:

Cach 1: Trude hét, bién doi
f(x) =||Ax — b||3 = (Ax — b)"(Ax — b) = (x" AT — b")(Ax — b)
=xTATAx — 2bT"Ax + b’b
Lay dao ham cho ting sd hang rdi cong lai ta c6

V||Ax — b||53 = 2ATAx — 2A"b = 2AT(Ax — b)

Cach 2: Stt dung V(Ax — b) = AT va V||x||3 = 2x va quy tac chudi (2.10), ta cling sé& thu
duge két qua tuong t.

2.4.5 f(x) = aTxx™b

Bing cach viét lai f(x) = (aTx)(xTb), ta c6 thé dung Quy téc tich (2.9) v c6 két qua
V(a’xx"b) = ax”b + ba’x = ab’x + ba’x = (ab” + ba’)x,
4 day ta da st dung tinh chat y'z = z’y.

2.4.6 f(X) = trace(AX)

Gia st A e R X =R"™" va B = AX € R"". Theo dinh nghia cua trace,

f(X) = trace(AX) = trace(B) = Z bjj = Z Z Q5T j; (214)

=1 i=1

PN X
Tt day ta thay rang Gg( ) = aj;. Stt dung dinh nghia (2.3) ta dat duge Vxtrace(AX) = AT,

)
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Béng 2.1: Bang cic dao ham co ban.

f(x) Vf(x) fX) Vxf(X)

x I trace(X) I

alx a trace(ATX) A

xTAx (A +AT)x trace(XT AX) (A+AT)X
xT'x = ||x]|2 | 2x trace(XTX) = ||X||% | 2X
|Ax — b3 | 2AT(Ax —b) || |AX — BJ% 2AT(AX — B)
a’x’xb 2abx a’Xb ab”

alxx’b (ab” + ba’)x || trace(ATXB) ABT

2.4.7 f(X) = aTXb
Gia stt rang a € R™, X € R™*" b € R". Ban doc c¢6 thé chitng minh dugc
FX) =Y wijaib;
i=1 j=1

(llbl albg e albn

asby asbs ... ash,
Tit d6, sit dung dinh nghfa (2.3) ta sé c6 Vx(a?XbT) = | -~ -2 72" Z apT,

ambr amby . .. by,
2.4.8 f(X) = [IX]|%

Gia st X € R™", bang cach viét lai [|X[|F = Y200, Y% a7, ta ¢6 thé suy ra % = 2;;.
ij
Va vi vay, V|| X||% = 2X.

2.4.9 f(X) = trace(XTAX)

Gia stt rang X = [Xl X ... Xm] e R™*" A € R™ ™. Bang cach khai trién

T T T T
X x; Axy x7 Axy ... x7 Ax,
. T xTAx; xFAx,y ... xF Ax,
X'AX = | | A[xl X2...,Xn} = . , (2.15)
T T T T
X, x, Ax; x, Axy ... x, Ax,

ta tinh duge trace(XTAX) = Y0 | xI' Ax;. Nhic lai rang Vi, x! Ax; = (A + AT)x;, ta ¢6
Vxtrace(XTAX) = (A +A") [x1 %2 ... x,] = (A+ AT)X (2.16)

Bing cach thay A =1, ta ciing thu duge Vxtrace(X?X) = Vx| X||% = 2X.
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2.4.10 f(X) = ||AX — B||%
Bang ki thuat hoan toan tuong tit nhu da lam trong muc 2.4.4, ta thu ducgc

Vx||AX — B|% = 2AT(AX — B)

2.5 Bang cac dao ham thuong gap
Bang 2.1 bao gom dao ham ctia cac ham sd thudng gap vé6i bién 1a vector hoac dao ham.
2.6 Kiém tra dao ham

Viéc tinh dao ham ctia ham nhiéu bién thong thuong kha phiic tap va rat dé mic 16i. Trong
thuc nghiem, ¢6 mot cach dé kiém tra lieu dao ham tinh dugc c6 chinh xac khong. Cach nay
dua trén dinh nghia ctia dao ham cho ham mot bién.

2.6.1 Xap xi dao ham ctia ham mot bién

Theo dinh nghia,

e—0 £

(2.17)

Mot cach thuong dude st dung la lay mot gia tri € rat nho, vi du 107°, va st dung cong thitc

Cach tinh nay dudce goi 1a numerical gradient. Biéu thiic (2.18) duge sit dung rong rai hon
dé tinh numerical gradient. C6 hai cach giai thich cho van dé nay.

Bang giai tich

Chiing ta ciing quay lai mot chit véi khai trién Taylor. V6i e rat nho, ta c6 hai xap xi sau:

flz+e)~ f(x) + f'(z)e + f”2(:c) e + f((;) 4. (2.19)
flo—e) ~ f(z) — fl(z)e + fﬁf)é - fs) &t ... (2.20)
Tu doé ta co:
f(“52_ 1) o pray+ ”2(”“")5+ = f'(2) + O(e) (2.21)
Jet9) 1@ o pay+ 28y piay 0@ (2.22)

trong d6 O() 1a Big O notation.
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Hinh 2.1: Gidi thich
cach x4p xi dao ham
bang hinh hoc.

Tt d6, néu xap xi dao ham bang cong thiic (2.21) (xap xi dao ham phai), sai s6 sé 1a O(e).
Trong khi d6, néu xap xi dao ham béng cong thitc (2.22) (xap xi dao ham hai phia), sai s6
s6 1a O(g?). Khi ¢ rat nhd, O(e?) < O(g), tiic cach danh gia st dung cong thitc 2.22 ¢6 sai
s6 nhoé hon, va vi vay né dudc stt dung nhiéu hon.

Chiing ta ciing c6 thé giai thich diéu nay bing hinh hoc.
Biang hinh hoc

Quan sat Hinh 2.1, vector mau do 1a dao ham chinh zdc ctia ham s6 tai diém c6 hoanh do
bing xy. Vector mau xanh lam va xanh luc lan Iugt thé hién cach xap xi dao ham phia phai
va phia trai. Vector mau nau thé hien cach xap xi dao ham hai phia. Trong ba vector xap
xi d6, vector xap xi hai phia mau nau la gan vdi vector dé nhat néu xét theo huéng.

Su khéac biet gitta cac cach xap xi con 16n hon nita néu tai diém 2, ham s6 bi bé cong manh
hon. Khi dé, xap xi trai va phai sé khac nhau rat nhiéu. Xap xi hai bén sé on dinh hon.

Tt d6 ta thay ring xap xi dao ham hai phia 14 xap xi t6t hon.
2.6.2 Xap xi dao ham ctia ham nhiéu bién

V6i ham nhiéu bién, cong thitc (2.22) duge ap dung cho timg bién khi cac bién khéc ¢6 dinh.
Cu thé, ta sit dung dinh nghia ctia ham s6 nhan dau vao 14 mot ma tran nhu cong thiic (2.3).
Mb6i thanh phan ciia ma tran két qua 1a dao ham ctia ham sb tai thanh phan dé khi ta coi
cac thanh phan con lai ¢6 dinh. Ching ta sé thay ro diéu nay hon & cach lap trinh so sanh
hai cach tinh dao ham ngay phia dudi.

Cach tinh xap xi dao ham theo phuong phap numerical thuong cho gia tri kha chinh xac.
Tuy nhién, cach nay khong duge sit dung dé tinh dao ham vi do phiic tap qua cao so véi
cach tinh tryc tiép. Tai moi thanh phan, ta can tinh gia tri clia ham s6 tai phia trai va phia
phai, nhu vay sé khong kha thi v6i cac ma tran 16n. Khi so sénh dao ham numerical nay
v6i dao ham tinh theo cong thic, ngudi ta thuong gidm sé chiéu dit lieu va gidm s6 diem dit
lieu dé thuan tien cho tinh toan. Néu cong thic dao ham ta tinh duge 1a chinh xac, né sé
rat gan véi dao ham numerical.
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Doan Code 2.1 gitp kiém tra dao ham ctia mot ham s6 kha vi f : R™*" — R, ¢6 kem theo
hai vi du. Dé st dung ham kiém tra check_grad nay, ta can viét hai ham. Ham tha nhat 1a
ham fn(X) tinh gia tri cia ham s6 tai X. Ham thit hai 1a ham grX) tinh gia tri ctia dao ham
ma ta can kiém tra.

from ___future__ import print_function
import numpy as np

def check_grad(fn, gr, X):

X_flat = X.reshape(-1) # convert X to an 1d array —-> 1 for loop needed
shape_X = X.shape # original shape of X
num_grad = np.zeros_like (X) # numerical grad, shape = shape of X
grad_flat = np.zeros_like(X_flat) # 1d version of grad
eps = le-6 # a small number, le-10 -> le-6 is usually good
numkElems = X_flat.shape[0] # number of elements in X
# calculate numerical gradient
for i in range (numElems) : # iterate over all elements of X
Xp_flat = X_flat.copy()
Xn_flat = X_flat.copy ()
Xp_flat[i] += eps
Xn_flat[i] -= eps
Xp = Xp_flat.reshape (shape_X)
Xn = Xn_flat.reshape (shape_X)
grad_flat[i] = (fn(Xp) - fn(Xn))/ (2*eps)

num_grad = grad_flat.reshape (shape_X)

diff = np.linalg.norm(num_grad - gr (X))
print ('Difference between two methods should be small:’, diff)

# ==== check if grad(trace (A*X)) == AT ====
m, n = 10, 20

A = np.random.rand(m, n)

X = np.random.rand(n, m)

def fnl (X):

return np.trace (A.dot (X))

def grl(X):
return A.T

check_grad(fnl, grl, X)
# ==== check if grad(x"T*A*x) == (A + A"T)*x ====
A = np.random.rand(m, m)
x = np.random.rand(m, 1)

def fn2(x):
return x.T.dot (A) .dot (x)

def gr2(x):
return (A + A.T).dot (x)

check_grad(fn2, gr2, x)

Code 2.1: Kiém tra dao ham b3ng phuong phap numerical.
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Két qua:

Difference between two methods should be small: 2.02303323394e-08
Difference between two methods should be small: 2.10853872281e-09

Két qua cho thay sy khéc nhau gitta Frobenious norm (mic dinh ctia np.linalg.norm) clia
két qua ctia hai cach tinh 1a rat nhoé. Sau khi chay lai doan code véi cac gid tri m, n khac
nhau va bién x khéc nhau, néu su khac nhau van 1a nhd, ta co thé tu tin ring dao ham ma
ta tinh dudge 1a chinh xac.

Ban doc c6 thé tu kiém tra lai cac cong thiic trong Bang 2.1 theo phuong phép nay.
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Chuong 3 |

On tap Xac Suat

Chaong nay dugc viét dua trén Chuong 2 va 8 ciia cuon Computer Vision: Models, Learning,
and Inference-Simon J.D. Prince (hitp: // www.computervisionmodels.com).

3.1 Xac Suéit

3.1.1 Random variables

Mot bién ngau nhién (random wvariable) = 1a mot dai lugng dung dé do nhing dai luong
khong x4c dinh. Bién nay c6 thé duge ding dé ky higu két qua/dau ra (outcome) ciia mot
thi nghiém, vi du nhu tung dong xu, hodic mot dai lugng bién ddi trong tu nhien, vi du nhu
nhiét do trong ngay. Néu chiing ta quan sit rat nhiéu dau ra {x;}._, clia cac thi nghiém nay,
ta c6 thé nhan dudc nhiing gia tri khac nhau ¢ mdi thi nghiem. Tuy nhién, sé c6 nhitng gia
tri x4y ra nhiéu lan hon nhing gi4 tri khac, hofic xay ra gan mot gia tri nay hon nhing gia tri
khac. Thong tin vé dau ra nay duge do bdi mot phan phoi zdc suat (probaility distribution)
duge biéu dién bing mot ham p(z). Mot bién ngau nhién c6 thé 1a rdi rac (discrete) hodc
lién tuc (continuous).

Mot bién ngdu nhién roi rac sé lay gia tri trong mot tap hop céc diém 16i rac cho trude. Vi
du tung dong xu thi c6 hai kha nang 1a head va tail'. Tap céc gia tri nay c6 thé 1a 6 thit tu
nhu khi tung xtc xac hodc khong cé thit tu, vi du khi dau ra 1a cac gia tri ndng, mua, bao.
M&i dau ra c6 mot gia tri xac suat tuong tng véi né. Céc gia tri xac suat nay khong am va
c6 tong bang mot.

Néu z la bién ngau nhién roi rac thi Zp(x) =1 (3.1)

Bién ngau nhién lien tuc lay cac gia tri 1a cac s6 thue. Nhitng gia tri nay c6 thé 1a hitu han,
vi du thoi gian lam bai clia moi thi sinh trong mot bai thi 180 phut, hoac vo han, vi du thoi

! dong xu thuong c6 mot mat c6 hinh dau ngudi, dude goi 13 head, trai ngude véi mat ndy duge goi 14 mit tasl
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gian phai chd t6i khach hang tiép theo. Khong nhu bién ngau nhién rdi rac, xac suat dé dau
ra bang chinh zdc mot gia tri nao do, theo 1y thuyét, la bang khong. Thay vao d6, xac suat
dé dau ra roi vho mot khoang gia tri nao dé la khac khong. Viec nay dude mo ta bsi ham
mdt do zdc suat (probability density function - pdf). Ham mat do xac suat luon cho gia tri
duong, va tich phan clia né trén toan mién gia tri dau ra possible outcome phai bang mot.

Néu z 1a bién ngau nhien lien tuc thi /p(x)dx =1 (3.2)

Néu z la bién ngau nhién roi rac, thi p(x) < 1, Va. Trong khi dé, néu x la bién ngau
nhién lien tuc, p(x) cé thé nhan gid tri khong am bat ky, diéu nay van ddm bdo la tich
phan cia ham mat do xzdc sudt theo toan b gid tri ¢é thé c¢d cia x bang mot.

3.1.2 Xac suat dong thoi

Xét hai bién ngau nhién z va y. Néu ta quan sat rat nhiéu cip dau ra ctia x va gy, thi c6
nhitng t6 hop hai dau ra xay ra thuong xuyén hon nhiing t6 hop khac. Thong tin nay dugc
biéu dién bang mot phan phdi duge goi 1a zdc suat dong thoi (joint probability) clia x va v,
dugc ky hieu 1a p(z,y), doc 1a x4c suat ctia = va y. Hai bién ngdu nhién x va y c6 thé dong
thoi 1a bién ngiu nhién roi rac, lién tuc, hodc mot r6i rac, mot lien tuc. Luon nhé ring tong
cAc XAc suat trén moi cap gia tri c¢o the xay ra (z,y) bang mot.

Ca z va y 1a roi rac: Zp(x, y)=1 (3.3)
I’y
Ca z va y la lién tuc: /p(a:, y)dxdy = 1 (3.4)

x 1ol rac, y lién tuc: Z/p(x,y)dy = / (Zp(x,y)) dy =1 (3.5)

Xét vi du trong Hinh 3.1, phan ¢6 nén mau luc nhat. Bién ngdu nhién  thé hién diém thi
mon Toan ctiia hoc sinh & mot truong THPT trong mot ky thi Quoc gia, bién ngau nhién y
thé hien diém thi mon Vat Ly ciing trong k¥ thi d6. Dai luong p(x = 2%,y = y*) 1a ti 1¢ giita
tan suat s6 hoc sinh dugce dong thoi x* diém trong mon Toan va y* diém trong mon Vat Ly
va toan bo s6 hoc sinh clia truong dé. Ti 1é nay cé thé coi 1a xac suat khi s6 hoc sinh trong
truong la 16n. 0 day z* va y* 1a cac s6 xac dinh. Thong thuong, xac suat nay duge viét gon
lai thanh p(a*, y*), va p(x,y) duge diing nhu mot ham tong quat dé mo ta cac xac suit. Gia
stt them réng diém cac mon la cac sb tu nhien tir 1 dén 10.

Cac 6 vuong mau lam thé hién xac suat p(z,y), véi dién tich 6 vuong cang to thé hién xac
suat d6 cang lén. Chi ¥ ring tong cic xac suat nay bing mot.

Cdc ban co thé thay rang zdc suat dé mot hoc sinh duoc 10 diém mot Todn va 1 diém mon
Ly rat thap, dieu twong ty xdy ra vdi 10 dieém mon Ly va 1 diém mon Todn. Nguoc lgi, zdc
sudt dé mot hoc sinh dudc khoang 7 diém cd hai mon la cao nhat.
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Hinh 3.1: X4c sujt déng thoi (ph§n trung tdm c6 nén mau luc nhat), Xac sult bién (phia trén
va bén tréi) va Xac suat c6 dién kién (phia dudi va bén phai).

Thong thuong, ching ta sé lam viéc vdi cdc bai toan ¢ dé xac suat ¢ diéu kien duge xac
dinh trén nhiéu hon hai bién ngau nhién. Chéng han, p(x,y, z) thé hién joint probability ciia
ba bién ngdu nhién x,y va z. Khi c6 nhiéu bién ngau nhién, ta c6 thé viét ching dusi dang
vector. Cu thé, ta c6 thé viét p(x) dé thé hien xac suat c6 diéu kién ctia bién ngau nhién
nhiéu chiéu x = [x1, o, ..., 7,]7. Khi c6 nhiéu tap cic bién ngau nhién, vi du x va y, ta c6
thé biét p(x,y) dé thé hien xac suat c6 diéu kién clia tat cd cdc thanh phan trong hai bién
ngau nhién nhiéu chiéu nay.
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3.1.3 XAc suét bién

Néu biét xac suat dong thoi clia nhiéu bién ngdu nhién, ta ciing c6 thé xac dinh duge phan
phdi xac suat ciia timg bién bang cach lay tong v6i bién ngdu nhién roi rac hoac tich phan
v6i bién ngau nhién lién tuc theo tat ca cac bién con lai:

Néu z,y roi rac : p(z) = Zp(a:,y) (3.6)
ply) = p(,y) (3.7)
Néu z,y lien tuc : p(x) = /p(:v,y)dy (3.8)

(o) = [ pla)is (39)
V6i nhiéu bién hon, chang han bén bién roi rac z, y, 2, w, cach tinh duge thuc hién tuong tu:

plx) =Y ple,y, z,w) (3.10)

Y,zw

pla,y) =Y ple,y, z,w) (3.11)

Cach xac dinh x4c suat ctia mot bién duya trén xac suat dong thoi clia né véi cac bién khéc
duge goi 1a marginalization. Phan phdi d6 duge goi 1a zdc suat bién (marginal probability).

Tit day tré di, néu khong dé cap gi thém, ching ta sé ding ky hiéu > dé chi chung cho
ca hai loai bién. Néu bién ngau nhién Ia lien tuc, ban doc ngam hiéu ring dau > can dugc
thay bang dau tich phan [, bién lay vi phan chinh 1a bién duge viét dudi dau . Chang
han, trong (3.11), néu z la lién tuc, w 14 rdi rac, cong thic ding sé 1a

play) = ( / p(x,y,z,mdz) -/ (;p@:,y,z,w)) dz (3.12)

w

Quay lai vi du trong Hinh 3.1 v6i hai bién ngdu nhién rdi rac z,y. Ltc nay, p(z) dugc hiéu
la xac suat dé mot hoc sinh dat duge = diém mon Toan. Xac suat nay duge thé hien ¢ khu
vife ¢6 nén mau tim nhat, phia trén. Nhéac lai rang xac suat ¢ day thuyc ra 1a ti lé gitta s6
hoc sinh dat = diém mon Toan va toan bo s6 hoc sinh. Cé hai cach tinh xac suat nay. Cach
thit nhat, diya trén cach vita dinh nghia, 14 dém s6 hoc sinh dugce x diém mon toan rdi chia
cho tong s6 hoc sinh. Cach tinh thit hai dya trén xac suat dong thai da biét vé xac suat deé
mot hoc sinh dude z diém mon Toan va y diém mon Ly. S6 lugng hoc sinh dat z = z* diém
mon Toan sé bing tong s6 luong hoc sinh dat = z* diém mon Toan va y diém mon Ly,
v6i y 1a mot gid tri bat ky tit 1 dén 10. vi vay, dé tinh xac suat p(z), ta chi can tinh tong
clia toan bo p(x,y) véi y chay tit 1 dén 10. Tuong ty néu ta mudn tinh p(y) (xem phan bén
trai ctia khu vue nén tim nhat).

Dua trén nhan xét nay, mdi gia tri clia p(x) chinh bing tong cic gid tri trong cot thit x clia
hinh vuéng trung tam nén xanh luc. Mdi gia tri clia p(y) sé bang tong cac gia tri trong hang
thit y tinh tit duéi len. Chu ¥ ring tong cic xac suat luon biang mot.

Machine Learning cg ban https: // machinelearningcoban.com/ ebook


https://machinelearningcoban.com/ebook

CHUONG 3. ON TAP XAC SUAT 36

3.1.4 Xac suat c6 dieu kién.

Dua vao phan phoi diém cia cdc hoc sinh, lieu ta cé thé tinh dude xdc sudt dé mot hoc sinh
duoe diém 10 mon Lyj, biét rang hoc sinh dé duoc diém 1 mon Todn?

Xac suat dé mot bién ngdu nhién = nhan mot gia tri nao d6 biét ring bién ngdu nhien
y c6 gia tri y* duge goi 1a zdc suat ¢ dieu kién (conditional probability), duge ky hieu la
p(zly = y").

Xac suat o didu kien p(x|y = y*) c6 thé duge tinh dya trén xéac suat dong thoi p(z,y). Quay
lai Hinh 3.1 v6i viing ¢6 nén mau nau nhat. Néu biét réing y = 9, xac suat p(x|y = 9) c6 thé
tinh duge dua trén hang thit chin ctia hinh vudéng trung tam, tic hang p(x,y = 9). Trong
hang nay, nhitng 6 vuong 16n hon thé hién xac suit 16n hon. Tuong ting nhu thé, p(x|y = 9)
cling 16n néu p(x,y = 9) 16n. Cha ¥ riang tong cac xac suat Y. p(z,y = 9) nhé hon mot, va
bing tong cic xac suat trén hang thit chin nay. Dé thod man dicu kién tong cac xac suét
bing mot, ta can chia mdi dai lugng p(x,y = 9) cho téng ciia toan hang nay. Tic la

oy Plxy=9) plx,y=9)
Plaly =9 =Sy =9 " py=9) (3.13)

Téng quat,
) plr,y=y")  plz,y=y")
plrly=vy") = = 3.14
(@ ) Yplr,y=y*)  ply=y*) (3.14)

¢ day ta da st dung cong thtic tinh xac suat bién trong (3.7) cho mau s6. Thong thuong, ta
c6 thé viét xac suat co dicu kien ma khong can chi ré gia tri y = y* va c6 cong thiic gon hon:

p(z.y) p(y, )
plxly) = , va tuong tu, py|z) = 3.15
(x[y) o) (y|) (@) (3.15)
T do ta c6 quan hé
p(x,y) = p(z[y)p(y) = p(ylv)p(z) (3.16)
Khi ¢6 nhiéu hon hai bién ngau nhién, ta c6 cac cong thiic
p(x,y, 2,w) = p(z,y, 2|lw)p(w) (3.17)
= p(z, ylz, w)p(z,w) = p(z, y|z, w)p(z|w)p(w) (3.18)
= p(zly, z,w)p(y|z, w)p(z|w)p(w) (3.19)

Cong thitc (3.19) ¢6 dang chuéi (chain) va duge sit dung nhiéu sau nay.
3.1.5 Quy tic Bayes
Cong thiic (3.16) bicu dién xac suat dong thoi theo hai cach. Tit d6 ta co thé suy ra:

p(ylz)p(x) = p(z|y)p(y) (3.20)
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Bién d6i mot chit:

Pyl = p(wzljé)cz)?(y) (3.21)
_ pgjljy(lz?(yy)) (3.22)
p(@|y)p(y) (3.23)

B gmx\y)p@)

4 do6 dong thit hai va thit ba cac cong thiic vé xac suat bién va xac suat dong thoi 6 mau s6
da dugce st dung. T (3.23) ta c6 thé thay ring p(y|z) hoan toan c6 thé tinh duge néu ta
biét moi p(x|y) va p(y). Tuy nhién, viéc tinh tryc tiép xac suat nay thuong la phic tap.

Ba cong thiic (3.21)-(3.23) thudng dudc goi 1a Quy tdc Bayes (Bayes’ rule). Chiing
dugc st dung rong rai trong Machine Learning

3.1.6 Bién ngau nhién doc lap

Néu biét gia tri cia mot bién ngau nhién z khong mang lai thong tin vé viéc suy ra gia
tri clia bién ngau nhién y (vd ngugce lai), thi ta néi rang hai bién ngau nhién 1a doc lap
(independent). Chang han, chidu cao ctia mot hoc sinh va diém thi moén Toan ctia hoc sinh

d6 c6 thé coi 1a hai bién ngdu nhién doc lap.

Khi hai bién ngau nhién z va y 1a doc ldp, ta sé co:

p(zly) = p(z) (3.24)
p(ylz) = p(y) (3.25)

Thay vao biéu thiic xac suat dong thoi trong (3.16), ta co:
p(z,y) = p(y)p(y) = p(z)p(y) (3.26)

3.1.7 Ky vong va ma tran hiép phuong sai
K3 vong (expectation) clia mot bién ngdu nhien duge dinh nghia 1a

E[z] = pr(:v) néu z 1a roi rac (3.27)
E[z] = /xp(m)dm néu x 1a lien tuc (3.28)

Gia st f(.) 1a mot ham sd tra vé mot s6 v6i moi gia tri z* ctia bién ngau nhieén z. Khi do,
néu x 1a bién ngau nhién roi rac, ta sé c6

E[f(2)] =) _ f(x)p(x) (3.29)
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Cong thiic cho bién ngau nhién lién tuc ciing duge viét tuong tu.
V6i x4c suat dong thoi

Blf(x,y)] = > fla,y)ple, y)dedy (3.30)

r?y
C6 ba tinh chat can nhé vé ky vong:
1. Ky vong ctia mot hang s6 theo mot bién ngau nhién x bat ky bang chinh hing s6 doé:

Elo] =« (3.31)

2. Ky vong c6 tinh chat tuyén tinh:

B[f(x) + g(=)] = E[f ()] + Elg(x)] (3.33)

3. K¥ vong ctia tich hai bién ngdu nhién bing tich k¥ vong ciia hai bién dé néu hai bién
ngau nhién dé 1a doc lap.
E[f(z)g(y)] = E[f(2)]E[g(y)] (3.34)
Khéi niém ky vong thuong di kem véi khai niem phuong sai(variance) trong khong gian mot
chiéu, va ma tran hiép phuong sai (covariance matriz) trong khong gian nhiéu chicu.

Véi dit litu mot chiéu

Cho N gia tri xq,xs, ..., xy. Ky vong va phuong sai cua bd dit lieu nay duge tinh theo cong
thuc:
N
1 1
T= ; T, = le (3.35)
|
2 _ + N2
o’ =< ;(xn z) (3.36)
vl X = [:El, o, ... ,xN}, va 1 € RY la vector cot chita toan phan ti 1. Ky vong don gian

la trung binh cong ctia toan bo céc gia tri. Phuong sai la trung binh cong ctia binh phuong
khoang cach tit mdi diém t6i ky vong. Phuong sai cang nhé thi cac diém dit lieu cang gan
v6i ky vong, tic cac diem dit lieu cang giéng nhau. Phuong sai cang 16n thi ta néi dit lieu
cang c6 tinh phan tan. Vi du vé ky vong v phuong sai ctia dit lieu mot chiéu cé thé dugc
thay trong Hinh 3.2a. Can bac hai ciia phuong sai, o con dudgc goi 1a do léch chuan (standard
deviation) cta dit liéu.
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Véi di liéu nhiéu chiéu

Cho N dieém dit lieu duge biéu dién béi cac vector cot xi, ..., Xy, khi do, vector ky vong va
ma tran hiép phuong sai cia toan bo dit lieu duge dinh nghia la:

1 N

x= ; X, (3.37)
1 & 1o

S=+ ;(xn —%)(x, —%)T = NXXT (3.38)

Trong do X dude tao bang cach trit mdi cot ctia X di X:
X, =X, — X (3.39)
Mot vai tinh chat ciia ma tran hiép phuong sai:

e Ma tran hiép phuong sai 13 mot ma tran déi xing, hon nita, né 13 mot ma tran nita xac
dinh duong.

e Moi phan tif trén duong chéo clia ma tran hiép phuong sai la cac s6 khong am. Ching
ciing chinh 13 phuong sai clia tiing chiéu cua dit liéu.

e Céac phan tit ngoai dudng chéo s;;,i # j thé hien su tuong quan gifta thanh phan thit i
va thit j ctia dit lieu, con dude goi 1a hiép phuong sai. Gié tri nay c6 thé duong, am hoic
bang khong. Khi né bang khong, ta néi rang hai thanh phan 4, j trong dit lieu 1 khong
tuong quan (uncorrelated).

e Néu ma tran hiép phuong sai 1a ma tran dudng chéo, ta c6 dit lieu hoan toan khong tuong
quan gifta cac chiéu.

Vi du vé dit lieu khong tuong quan va tuong quan dude cho trong Hinh 3.2b va 3.2c.
3.2 Mot vai phan phéi thuong gap
3.2.1 Phan phdi Bernoulli

Phan phdi Bernoulli 14 mot phan phdi roi rac mo ta cac bién ngau nhién nhi phan: trudng
hgp dau ra chi nhan mot trong hai gia tri € {0,1}. Hai gia tri nay c6 thé 1a head va tail
khi tung dong xu; c6 thé 1 giao dich lita ddo va giao dich thong thuong trong bai toan xac
dinh giao dich lita ddo trong tin dung; c6 thé 1a nguoi va khong phdi ngudi trong bai toan
tim xem trong mot bttic anh c¢6 nguoi hay khong.

Bernoulli distribution duge mo ta biang mot tham sé A € [0,1] va 1a xac suat dé bién ngau
nhién z = 1. Xac suat ctia mdi dau ra sé 1a

ple=1)=X plz=0)=1—-plza=1)=1-2X (3.40)
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Hinh 3.2: Vi du vé ky vong va phuong sai. (a) Trong khong gian mot chiéu. (b) Trong khéng
gian hai chiéu ma hai chiéu khéng tuong quan. Trong trudng hgp nay, ma tran hi€p phuong sai
I3 ma tran dudng chéo véi hai phan tir trén dudng chéo 13 oy, 0, dy ciing chinh 13 hai tri riéng
clia ma tran hiép phuong sai va 13 phuong sai ctia mdi chiéu dif liéu. (c) Dt liéu trong khéng gian
hai chiéu c6 tuong quan. Theo mdi chiéu, ta c6 thé tinh dugc ky vong va phuong sai. Phuong
sai cang I6n thi dif liéu trong chiéu dé cang phan tan. Trong vi du nay, dif liéu theo chiéu thit hai
phan tan nhidu hon so so véi chiéu thir nhét.

Hai dang thitc nay thuong dude viét gon lai:

p(z) = N (1 =) (3.41)
v6i gia dinh rang 0° = 1. That vay, p(0) = A°(1 = A\ =1—- X vap(l) = A1 -N)"= A\
Phan phdi Bernoulli thuong duge ky hiéu ngan gon duéi dang

p(z) = Bern,[\] (3.42)

3.2.2 Phan phbi Categorical

Trong nhiéu truong hgp, dau ra ctia bién ngau nhién roi rac ¢6 thé 1a mot trong nhidu hon
hai gia tri khac nhau. Vi du, mot biic anh c6 thé chiia mot chiée xe, mot ngusi, hodic mot
con meo. Khi dé, ta dung mot phan phdi tong quat ctia phan phdi Bernoulli, duge goi la
phan phoi Categorical. Cac dau ra duge mo ta bdi mot phan i trong tap hop {1,2,..., K}.

Néu c6 K dau ra, phan phdi Categorical sé dugc mo ta bdi K tham sb, viét dudi dang vector:
A= [A1, da, ..., Ag] V6i cac A\, khong am va c6 tong biang mot. Mai gia tri A, thé hién xac
suat dé dau ra nhan gia tri k: p(z = k) = .

Phan phéi Categorical thuong duge ky hieu duéi dang:

p(x) = Cat,[)] (3.43)
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bivariate normal distribution

p(z,y)

(b)

Hinh 3.3: Vi du v& ham mit dé xac sult clia (a) phan phdi chudn mét chiéu, va (b) phan phéi
chuan hai chiéu.

Néu thay vi biéu dién dau ra la mot s k trong tap hop {1,2,..., K}, ta biéu dién dau ra la
mot vector & dang one-hot, titc mot vector K phan tit véi chi phan tit thi & bang mot, cac
phan ti con lai bang khong. N6i cach khac, tap hgp cac dau ra la tap hop cac vector don vi

bac K: x € {ej1,e,,...,ex} vii e, 1a vector don vi thit k. Khi d6, ta sé c6
K
px=-e) =[N’ =M (3.44)
j=1

Khi x = ey, zp = 1,2; =0, Vj # k. Thay vao (3.44) ta sé dugc p(x = e;) = A\, = p(x = k).
3.2.3 Phan phdi chuan mot chiéu

Phan phoi chuan mot chiéu (univariate normal hodc Gaussian distribution) duge dinh nghia
treén cac bién lien tuc nhan gia tri € (—oo, 00). Day la mot phan phdi duge sit dung nhiéu
nhat v6i cac bién ngau nhién lién tuc. Phan phéi nay dude mo ta bdi hai tham s6: ky vong
w va phuong sai (variance) o?. Gia tri p c6 thé 1a bat ky s6 thuc nao, the hien vi trf ciia gia
tri ma tai d6 ma ham mat do xac suat dat gia tri cao nhat. Gia tri o2 1a mot gia tri duong,
v6i o thé hién dé rong clia phan phéi nay. o 16n ching t6 khoadng gia tri dau ra cé khoang
bién ddi manh, va nguge lai.

Ham mat do xac suat ctia phan phéi nay duge dinh nghia la

p(x) = \/% exp (—%) (3.45)

Hoac duge viét gon hon dué6i dang p(x) = Norm,[u, 0%], hodc N (u, o?).

Vi du vé do thi ham mat do xac suat ctia phan phéi chuan mot chieu duge cho trén Hinh 3.3a.
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3.2.4 Phan phéi chuan nhiéu chiéu

Phan phéi nay la trudng hop tong quat ctia phan phdi chuan khi bién ngau nhién 13 nhiéu
chiéu, gia st 1a D chiéu. C6 hai tham s6 mo t4 phan phdi nay: vector kj vong p € RP va
ma tran hiép phuong sai ¥ € SP 1a mot ma tran doi ziing zdc dinh duong.

Ham mat do xac suat c6 dang

) = g o (500 7S k- ) (3.46)

v6i |X] 1a dinh thic clia ma tran hiép phuong sai X.
Phan phoi nay thuong duge viét gon lai dudi dang p(x) = Normy[u, 3], hoic N (u, ).

Vi du vé ham mat do xac suit ciia mot phan phdi chuan hai chiéu (bivariate normal distri-
bution) dugc mo ta bdi mot mit cong cho trén Hinh 3.3b. Néu cit mit nay theo cac mit
phang song song véi mat day, ta sé thu dugc cac hinh ellipse dong tam.

3.2.5 Phan phdi Beta

Phan phdi Beta (Beta distribution) 13 mot phan phoi lien tuc duge dinh nghia trén mot bién
ngau nhién A € [0,1] Phan phdi Beta distribution duge ding dé mo ta tham sé cho mot
distribution khéc. Cu thé, phan phdi nay phit hop véi viec mo ta su bién dong ciia tham sb
A trong phan phoi Bernoulli.

Phan phéi Beta duge mo ta bdi hai tham s6 duong o, 3. Ham mat do xac suat ctia né 1a

I'a+pB)

a=1/1 _ y\B-1
Farra (3.47)

p(A) =

v6i I'(.) 1a ham s6 gamma, duge dinh nghia 1a

I'z) = /000 t*Lexp(—t)dt (3.48)

Trén thuc té, viéc tinh gid tri cia ham s6 gamma khong thic su quan trong vi né chi mang
tinh chudan hod dé tong zdc sudt bing mot.

Dang gon ctia phan phdi Beta: p(\) = Betay[a, ]

Hinh 3.4 minh hoa cédc ham mat do xac sudt ctia phan phdi Beta véi cac cap gia tri («, 8)
khéac nhau.

e Trong Hinh 3.4a, khi @ = 3. Do thi clia cac ham mat do xac suat doi xing qua dudng
thang A = 0.5. Khi a = 8 = 1, thay vao (3.47) ta thay p(\) = 1 v6i moi \. Trong truong
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(10, 10)
(12, 4)
(4\12)
= N fe g A}
1 (3,
(1,1)
(.75/.2p)
/TN o
0.2,0.2 N— 1,1
(02,02) (025, 0.75) ——
0.0 02 04 06 08 10 0.0 02 04 06 0.8 1.0 0.0 02 04 06 08 1.0
A A A
(a) (b) (c)

Hinh 3.4: Vi du v& ham mat do xac sult cla phan phdi Beta. (a) o = /3, d6 thi ham sb 13 dbi
xtng. (b) a < 3, do6 thi ham so l&ch sang trai, chiing té xac suat A nhé la 1én. (c) a > /3, db thi
ham so |éch sang phai, chiing to xac suat A 16n 1a 16n.

hop nay, phan phdi Beta trd thanh phdn phoi déu (uniform distribution). Khi o = 8 > 1,
cac ham s dat gia tri cao tai gan trung tam, ttc 1a khi nang cao la X sé nhan gia tri
xung quanh diém 0.5. Khi & = 8 < 1, ham s6 dat gia tri cao tai cac diém gan 0 va 1.

e Trong Hinh 3.4b, khi o < 3, ta thiy rang do thi c6 xu huéng léch sang bén trai. Cac gia
tri (v, 8) nay nén duge sit dung néu ta dy doan rang A 1a mot s6 nho hon 0.5.

e Trong Hinh 3.4c, khi a > 3, diéu ngudc lai xdy ra véi cac ham so dat gia tri cao tai cic
diém gan 1.

3.2.6 Phan phdi Dirichlet

Phan phéi Dirichlet chinh 1a truéng hop téng quat ctia phan phdi Beta khi duge diing dé mo
ta tham s6 ctia phan phdi Categorical. Nhic lai rang phan phoi Categorical 1a truong hop
tong quat ctia phan phdi Bernoulli.

Phan phoéi Dirichlet duge dinh nghia trén K bién lien tuc A, ..., A\ trong d6 cac \, khong
am va c6 tong bang mot. Béi vay, né pht hgp dé mo ta tham s6 ctia phan phéi Categorical.
C6 K tham s6 duwong dé mo t4 mot phan phéi Dirichlet: aq, ..., ak.

Ham mat do xac suat ctia phan phdi Dirichlet 1a

L(S o) 11
P, . ) = —=k=L TR 1 x) HW ! (3.49)
Hk 1 k:l

Cach biéu dién ngan gon: p(Ay, ..., Ax) = Diry, el .-, ax]
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Chuong 4

Maximum Likelihood va Maximum A
Posteriori

4.1 Giéi thigu

Cé6 rat nhieu mo hinh machine learning dugc xay dung dya trén cdc mo hinh thoéng ke
(statistical models). Cac mo hinh thong ké thuong dua trén cdc phan phdi xac suat da duge
dé cap trong Chuong 3. V6i phan phdi Bernoulli, tham s6 1a bién A. V6i phan phdi chuan
nhiéu chiéu, cac tham s6 1a mean vector p va ma tran hiép phuong sai ¥. V6i mot mo hinh
thong ke bat ky, ky hieu 6 1a tap hop tat ca cac tham s6 ctia mo hinh d6. Learning chinh 1a
qué trinh wdc ligng (estimate) bo tham s6 6 sao cho mo hinh tim duge khép véi phan phoi
cia dit lieu nhéat. Qua trinh nay con duge goi 1a ude lhigng tham sé (parameter estimation).

C6 hai cach uée lugng tham s6 thuong duge dung trong cac mo hinh machine learning thong
ké. Cach thi nhat chi dya trén dit lieu da biét trong tap huan luyén, dude goi la mazimum
likelihood estimation hay ML estimation hoic MLE. Céach thi hai khong nhiing dya trén tap
huan luyén ma con dya trén nhitng thong tin biét trudc clia cdc tham s6. Nhitng thong tin
nay c6 thé c6 dude bang cdm quan cliia ngudi xay dung moé hinh. Cdm quan cang 16 rang,
cang hop 1y thi kha nang thu duge bo tham s6 tot 1a cang cao. Chang han, thong tin biét
trude ctia A trong Bernoulli distribution 1 viéc n6 1a mot s6 trong doan [0, 1]. Véi bai toan
tung dong xu, v6i A 1a xac suat c6 dudge mit head, ta dit doan duge rang gia tri nay nén la
mot s6 gan v6i 0.5. Cach uée luong tham sé thit hai nay duge goi 1a maximum a posteriori
estimation hay MAP estimation. Trong chuong nay, ching ta cling tim hiéu ¥ tudng va cach
gidi quyét bai toan udc hugng tham s6 mo hinh theo MLE hoic MAP Estimation.
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4.2 Maximum likelihood estimation

4.2.1 Y tudng

Gia st c6 cac diem dit lieu x4, Xo, . .., xy. Gia st thém ring ta da biét cac diém dit lieu nay
tuan theo mot phan phdi nao dé duge mo ta bdi bo tham s6 6.

Maximum likelihood estimation 1a viéc di tim bo tham s6 0 sao cho xac suat sau day dat gia
tri 16n nhat:
H:meaxp(xl,...,xme) (4.1)

Biéu thiic (4.1) c6 ¥ nghia nhu thé nao va vi sao viéc nay cé 1y?

Gia sit rang ta da biét dang ctia mo6 hinh, vd mo hinh nay dude mo ta bdi bo tham s6 6. Nhu
vay, p(x1|0) chinh 1a xac suat xdy ra su kién x; biét rang mo hinh duge mo ta bdi bo tham

s6 6 (day 1a mot xac suat c6 didu kien). Va p(x1,...,xy|#) chinh la xéac suat dé toan bo cac
su kién x1,Xa, . .., xy dong thoi xay ra, xac suit dong thdi nay con dude goi 1a likelihood. O

day, likelihood chinh la ham muc tiéu.

Bdi vi sy viee da xdy ra, tic dit lieu huan luyén ban than ching da nhu thé, xac suat dong
thai nay can phai cang cao cang tot. Viéc nay ciing gidng nhu viee da biét két qud, va ta can
di tim nguyén nhdan sao cho xac suat xay ra két qua cang cao cang tot. MLE chinh 1a viéc
di tim bo tham s6 6 sao cho Likelihood 1a 16n nhat. Trong mo6 hinh nay ta cling c6 mot bai
toan toi wu v6i ham muc tieu 1a p(xy, ..., xy|0). Lic nay ta khong ti thieu ham muc tiéu
ma can toi da no, vi ta muon rang xac suat xay ra viéc nay la 16n nhat.

4.2.2 Gia st vé su doc lap va log-likelihood

Viéc giai trie tiép bai todn (4.1) thuong la phitc tap vi viée di tim mo hinh xac suat dong
thoi cho toan bo dit lieu 1a it khi kha thi. Mot cach tiép can pho bién la gia stt don gian ring
cac diém dit lidu x,, 1& doc lap v6i nhau. Néi cach khac, ta xap xi likelihood trong (4.1) béi

p(X1,...,xn]0) = Hp(xnw) (4.2)

(NhAc lai rang hai sy kién z, y 1a doc 1ap néu xac suat dong thdoi ciia ching bang tich xac suat
clia tung su kien: p(z,y) = p(z)p(y). Va khi la x4c suat c6 dieu kien: p(z, y|2) = p(x|2)p(y|z).)
Lic d6, bai toan (4.1) c¢6 thé duge gidi quyét bang cach gidi bai toan t6i wu sau:

0 = max [[rxal0) (3 (4.3)

n=1

Viéc t61 uu mot tich thuong phitc tap hon viéc t6i uwu mot tong, vi vay viec t6i da ham muc
tieu thuong dudce chuyén vé viéc t6i da log ciia ham muc tiéu:

0= m{;dxz log (p(x,0)) (4.4)
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On lai mot chit vé hai tinh chat ctia ham logarit: (i) log ctia mot tich bing téng ciia céc
log, va (ii) vi log 13 mot ham dong bién, mot bieu thitc duong sé 1a 16n nhat néu log ctia n6
14 16n nhat, va nguoc lai.

4.2.3 Vi du
Vi du 1: phan phdi Bernoulli

Bai toan: giad st tung mot dong xu N lan va nhan dude n mat head. Ubc luong xac suat
khi tung dong xu nhan dudc mat head.

Lot giaa:

Mot cach triyc quan, ta c6 thé ude lugng duge réng xéc suat do chinh la A = 2. Ching ta

cung udc lugng gia tri nay st dung MLE.

Gia st A 1a xac suat dé nhan dugc mot mat head. Dt x1, 2o, ..., 2y 12 cac dau ra nhan
duge, trong d6 c¢6 n gia tri bang 1 tuong tng v6i mit head va m = N — n gia tri bang 0
tuong ng v6i mit tail. Ta c6 thé suy ra ngay ring

N N

Zmi:n, N—in:N—n:m (4.5)
i=1

=1

Vi day la mot xac suat ciia bién ngdu nhién nhi phan roi rac, ta ¢6 thé nhan thiy viec nhan
duge mat head hay tail khi tung dong xu tuan theo phan phéi Bernoulli:

px|\) = A% (1 — N (4.6)

Khi dé tham sé mo hinh \ ¢6 thé dudce udc lugng bang viec giai bai toan t6i wu sau day, véi
gid sit rang két qua clia cac lan tung dong xu l1a doc lap véi nhau:

N
A = argmax [p(z1, xg, . .., Ty |A)] = argmax [H p(a:ll)\)] (4.7)
A A i=1
N N N
— argmax [H AT (1 — )\)1‘”1‘] — argmax P\Zizlmi(l - A)N*me} (4.8)
A Pl A
= argmax [A"(1 — \)™] = argmax [nlog(\) + mlog(l — \)] (4.9)
A A

trong (4.9), ta da lay log ctia ham muc tieu. T6i day, bai toan tdi wu (4.9) c6 theé duge giai
bang cach lay dao ham ctia ham muc tiéu bang 0. Tic A 13 nghiém clia phuong trinh
m n n

n n
Y 1o SO A (4.10)

Vay két qua ta ude lugng ban dau 1a c6 co s6.
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Vi du 2: Categorical distribution
Mot vi du khac phitc tap hon mot chut.

Bai toan: gia st tung mot vién xic xac sdu mat cé xac suat roi vao cac mat c6 thé khong
déu nhau. Gia st trong N lan tung, s6 luong xuat hién cac mat thi nhat, thi hai,.. ., thi
6

sau lan luot 1a nq, ne, ..., ng lan véi an = N. Tinh xé4c suat roi vao mdi mat & lan tung
tiép theo. Gia stt them rang n; >0, Vi = 1,...,6.
Lo gidic

Bai toan nay c6 vé phiic tap hon bai toan trén mot chit, nhung ta ciing c6 thé du doan dudc
uée lugng t6t nhat clia xéc suat roi vao mat thi i 1a A = 5.

Ma hod mdi quan sat dau ra thit ¢ bdi mot vector 6 chieu x; € {0,1}° trong d6 cac phﬁn
tir cia n6 bang 0 trit phan tit tuong ng véi mat quan sat duge 1a bang 1. Nhan thay rang
val xr] =nj, ¥j=1,2,...,6, trong d6 xi 13 thanh phan thit j clia vector x;.

C6 thé thay ring x4c suat roi vio mbi mat tuan theo phan phdi categorical véi cac tham s6
Aj>0,7=1,2,...,6. Ta dung A dé thé hién cho c& sdu tham so nay.

V6i cac tham s6 X, xdc suat dé sy kién x; xay ra l1a

6
pxilA) =[] A (4.11)
j=1

Khi d6, van vé6i gia st vé sit doc lap gifta cac lan tung xtc xac, udc luong bo tham s6 A dia
trén viec t6i da log-likelihood ta co:

A = argmax Hp x;|\) ] = argmax [ H X;Z] (4.12)

A Li=1 =1 j=1
; 6
= argmax H PO argmax H )\;”] (4.13)
A Lj=1 J=1
= argmax Z n; log()\j)] (4.14)
PN

Khéc vé6i bai toan (4.9) mot chut, ching ta khong duge queén diéu kien Z§:1 A;j =1. Ta co

bai toan toi wu c6 rang buoc sau day

6 6
m}z\xle njlog(A;) thod man: Z =1 (4.15)

J=1
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Bai toan t6i wu nay c6 the duge gidi bang phuong phap nhan tit Lagrange (xem Phu luc 77?).
Lagrangian ctia bai todn nay la
6
L p) = njlog(hy) +pu(l =Y ) (4.16)
p j=1
Nghiém ctia bai toén la nghiem ctia he¢ dao ham ctia £(.) theo tiing bién béng 0

LA p) _ my

RO S A = =1.2.... 4.1
a)\j >\j N 07 v.] y &y 76 ( 7)

DL, 1) -

I 1N\ = 4.18
o Z ; (4.18)

6
S ot u=Yn=N (4.19)

T do ta co ude luong Aj = Vi=1,2,...,6.

Qua hai vi du trén ta thAy MLE cho hét qua kha hgp ly.

Vi du 3: Univariate normal distribution

Bai toan: Khi thuc hien mot phép do, gid st rang rat khé dé c6 thé do chinh zdc do dai
clla mot vat. Thay vao d6, ngudi ta thuong do vat d6 nhicu lan réi suy ra két qua, véi gia
thiét réing cac phép do la doc lap véi nhau va két qua mdi phép do 1a mot phan phdi chuan.
Uéc lugng chiéu dai ctia vat doé duya trén cac két qua do dudc.

Loi gidi:Vi biét ring két qua phép do tuan theo phan phdi chuan, ta sé cd gang di xay
dung phan phéi chuan dé. Chiéu dai ciia vat c¢6 thé duge coi la gid tri ma ham mat do xéc
suat dat gid tri cao nhat, tiic kha ning roi vao khodng gia tri xung quanh noé l1a 16n nhat.
Trong phan phdi chuan, ta biét ring ham mat do xac suat dat gia tri 16n nhét tai chinh k¥
vong ctia phan phdi d6. Cha ¥ rang ky vong ctia phan phdi va ky vong ctia dit liéu quan séat
duge c6 thé khong chinh xac biang nhau, nhung rat gan nhau. Néu uéc lugng ky vong ciia
phan phéi nhu cich lam duéi day sit dung MLE, ta sé thay rang ky vong ctia dit lieu chinh
1a danh gia t6t nhat cho ky vong clia phan phoi.

That vay, gia st cac kich thude quan sat duge 1a x1,29,...,2y. Ta can di tim mot phan
phéi chuan, duge mo td bdi mot gia tri ky vong p vh phuong sai 02, sao cho cac gia tri
x1, T, ..., xn & likely nhat. Ta da biét rang, ham mat do xac suat tai x; clia mot phan phoi

chuan c6 ky vong p va phuong sai o2 1a

1 (i — p)°
2 i

iy, o) = exp [ -1 4.20
p(ilp, o%) V2ro? P ( 2052 ( )
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Vay, dé danh gia p va o, ta sit dung MLE v6i gia thiét rang két qua cac phép do 1a doc lap:

[N
M, 0 = argmax Hp(q:i‘,u,az)] (4'21)
o i=1
| 1 Zz]i1($z - PJ)2
= ar%r,lgax m exXp (- 202 (422)
- N o
= argmax | —N log(o) — Zi:l(;g ) 2 J(u, 0)] (4.23)
o g

Ta da lay log ctia ham bén trong dau ngodc vuong ciia (4.22) dé duge (4.23), phan hing s6
c6 chita 27 cling da dude bé di vi né khong anh hudng tdi két qua.

Dé tim p va o, ta gidi hé phuong trinh dao ham ctia J(u, o) theo mdi bién bing khong:

N
oJ 1
9 AN - =0 (4.24)
2
O 0%
8] N 1<« )
R P — =0 4.25
% - o 1o ;(l‘ ) (4.25)
Z]'Vfl Ti 2 21\11(% — )’
7 N O I (4.26)
Két qua thu dugc khong cé gi bat ngo.
Vi du 4: Multivariate normal distribution
Bai toan: Gia st tap dit lieu ta thu duge 1a cic gia tri nhiéu chiéu xi,...,xy tuan theo
phan phéi chuan. Hay danh gia cac tham s, vector ky vong g va ma tran hiép phuong sai
¥ ctia phan phdi nay duya trén MLE, gid sit rang cac X, ..., Xy la doc lap.
Loi giai: Viéc chitng minh cac cong thiic
Zj'\il X
© ~ (4.27)
R
_ 4 B T
S N;(X ) (x = p) (4.28)

xin duge danh lai cho ban doc nhu mot bai tap nhé. Duéi day 1a mot vai gai y:

e Ham mat do xac suat ciia phan phdéi chuan nhiéu chiéu I

Pl D) = s e (—yx- W S W) ()

Chu ¥ rang ma tran hiép phuong sai ¥ 1a xac dinh duong nén c6 nghich dao.
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e Mot vai dao ham theo ma tran:

Vslog|Z] = (= H)T 22T (chuyén vi ctia nghich dio) (4.30)
Vs(xi —p)' 27 (x —p) = =S (x — p)(x; —p) 27T (4.31)

(Xem thém Matrix Calculus, muc D.2.1 va D.2.4 tai https: // goo.gl/ JKg631.)

4.3 Maximum a Posteriori

4.3.1 Y tudng

Quay lai v6i vi du 1 vé tung dong xu. Néu tung dong xu 5000 lan va nhan duge 1000 lan
head, ta c6 thé danh gid xac suit cia head 1a 1/5 va viéc danh gia nay 1a dang tin vi s6 mau
la 16n. Néu tung 5 lan va chi nhan duge 1 mat head, theo MLE, xéc suat dé c6 mot mit head
duge danh gid 1a 1/5. Tuy nhién vé6i chi 5 két qua, wéc lugng nay 1a khong dang tin, nhieu
khé& ning viec danh gia da bi overfitting. Khi tap huén luyén qua nho (low-training) ching
ta can phai quan tam t6i mot vai gia thiét ciia cac tham s6. Trong vi du nay, gia thiét cla
chiing ta 1a x4c suat nhan duge mat head phéi gan 1/2.

Maximum A Posteriori (MAP) ra doi nham gidi quyét van dé nay. Trong MAP, ching ta
gidi thieu mot gid thiét biét trude, dude goi 1a prior, clia tham s6 . T gid thiét nay, ching
ta c6 thé suy ra cac khoang gia tri va phan b ctia tham sb.

Ngude véi MLE, trong MAP, chiing ta sé danh gia tham s6 nhu 14 mot xac suat c6 diéu kien
cua di liéu:

0 = argmax p(0|x1,...,XxN) (4.32)
o N ~
posterior
Biéu thitc p(f]xy,...,Xy) con duge goi 1a wdc sudt posterior cia . Chinh vi vay ma viéc

u6e lugng 6 theo (4.32) duge goi la Maximum A Posteriori.

Thong thuong, ham t6i wu trong (4.32) khé xac dinh dang mot cach truc tiép. Chung ta
thudng biét diéu ngudc lai, tic néu biét tham s6, ta c6 thé tinh dude ham mat do xéc suat
ctia dit lieu. Vi vay, dé giai bai toan MAP, ta thudng st dung quy tic Bayes. Bai toan MAP
thuong duge bién déi thanh

likelihood prior
0 = argmax p(0|xy,...,Xy) = argmax P, -, Xw|6) p(f) (4.33)
0 60 p(Xlw--,XN)
| —
evidence
= argmax [p(x1, ..., xn|0)p(0)] (4.34)

0

= argmax [Hp(xﬂ@)p(@)] (4.35)

9 i=1
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Dang thitc (4.33) xay ra theo quy tic Bayes. Dang thitc (4.34) xay ra vi miu s6 ctia (4.33)
khong phu thude vao tham s6 6. Dang thiic (4.35) xdy ra néu ching ta gia thiét vé sy doc
lap gifta cac x;. Cha ¥ rang gid thiét doc lap thuong xuyén dude st dung.

Nhu vay, diém khac biet 16n nhat giita hai bai toan t6i vu MLE va MAP la viec ham muc
tieu cia MAP c6 thém p(f), tiic phan phdi ciia §. Phan phdi nay chinh 1a nhiing thong tin
ta biét trude veé 0 va duge goi 1a prior. Ta két luan rang posterior ti 1é thuan véi tich
cua likelihood va prior.

Vay chon prior thé ndo? ching ta cling lam quen véi mot khai niem mdéi: conjugate prior.
4.3.2 Conjugate prior

Néu phan phéi xac suat posterior p(0|xy, ..., Xy) ¢ cung dang (same family) v6i phan phoi
xac suat p(f), prior va posterior duge goi 1a conjugate distributions, va p(0) duge goi 1a
conjugate prior cho ham likelihood p(xy,...,Xy|@). Nghiém ctia bai toan MAP va MLE c¢6
cau tric giéng nhau.

Mot vai cap cac conjugate distributions’:
e Néu likelihood function 14 mot Gaussian (phan phdi chuan), va prior cho vector k¥ vong

ciing 1a mot Gaussian, thé thi phan phdi posterior ciing la mot Gaussian. Ta néi rang
Gaussian conjugate v6i chinh né (hay con goi la self-conjugate).

e Néu likelihood function 1& mot Gaussian va prior cho phuong sai 14 mot phan phdi gamma?,

phan phoi posterior ciing 14 mot Gaussian. Ta noéi rang phan phdi gamma la conjugate
prior cho phuong sai ctia Gassian. Chil ¥ rang phuong sai c¢6 thé duge coi la mot bién
giup do do chinh xzdc cia mo hinh. Phuong sai cang nho thi do chinh xac cang cao.

e Phan phoi Beta la conjuate ctia phan phdi Bernoulli.

e Phan phoi Dirichlet 1a conjugate clia phan phdi categorical.

4.3.3 Hyperparameters

Xét mot vi du nhé v6i phan phdi Bernoulli véi ham mat do xac suat:

p(z|\) = A (1= M) (4.36)
va conjugate clia n6, phan phdéi Beta, c¢6 ham phan mat do xac suat:
I'(a+B) 0 -1
p(\) = ———L N1 = )P 4.37
N = Fasr =Y (437

B qua thita s6 hing s6 chi mang muc dich chuan hoa cho tich phan ctia ham mat do xac suat
bang mot, ta c6 thé nhan thay rang phan con lai ctia phan phdi Beta c6 ciing ho (family)

! Doc them: Conjugate prior-Wikipedia (hittps:// goo.gl/ E2SHbD).
2 Gamma distribution—Wikipedia, (https:// goo.gl/kdWd2R.)

Machine Learning cg ban https: // machinelearningcoban.com/ ebook


https://goo.gl/E2SHbD
https://goo.gl/kdWd2R
https://machinelearningcoban.com/ebook

CHUONG 4. MAXIMUM LIKELIHOOD VA MAXIMUM A POSTERIORI 52

v6i phan phdi Bernoulli. Cu thé, néu sit dung phan phéi Beta lam prior cho tham s6 A, va
bd qua phan thita s6 hing s6, posterior sé c6 dang

p(Alz) o< p(x|A)p(A)
oc ATFeT(1 — \)trerAt (4.38)

trong do, o la ky hiéu cua ti Ié vdi.

Nhan thay rang (4.38) van cé dang ciia mot phan phdi Bernoulli. Chinh vi vy ma phan
phdi Beta duge goi 1a mot conjugate prior cho phan phdi Bernoulli.

Trong vi du nay, tham s6 A phu thudc vao hai tham s6 khac 1a o va 3. Dé tranh nham lan,
hai tham s6 (o, 8) dugc goi la siéu tham so (hyperparameters).

Quay tré6 lai vi du vé bai toan tung dong xu N lan c¢6 n lan nhan duge mit head vam = N—n
lan nhan duge mat tail. Néu st dung MLE, ta nhan duge wée lugng A = n/M. Néu sit dung
MAP v6i prior 14 mot Betala, 3] thi két qua sé thay doi thé nao?

Bai toan t6i wu MAP:

)\—argmax p(z1, ..., xn|A)p(N)]

= argmax [( )\IZ — )1 Iz) )\ozfl(l . )\>51]

N
= argmax [/\ = Tital( )\)N_Eizl $i+5—1:|

= argmax (ATl m+6_1} (4.39)

Bai todn tdi wu (4.39) chinh 1a bai toan t6i wu (4.38) véi tham s6 thay doi mot chit. Tuong
tut nhu (4.38), nghiem ctia (4.39) c6 thé dugc suy ra la
. onta-—1
" N+a+p3-2

(4.40)

Nho viéc chon prior phit hgp, & day 1a conjugate prior, posterior v likelihood c¢6 dang giong
nhau, khién cho viéc t6i wu bai toan MAP dugc thuan lgi.

Viéc con lai 1a chon cap hyperparameters o va 3.

Chiing ta cting xem lai hinh dang ctia phan phéi Beta va nhan thay rang khi o = 8 > 1,
ham mat do xac suat ciia phan phoi Beta déi xting qua diém 0.5 v dat gia tri cao nhat tai
0.5. Xét Hinh 4.1, ta nhan thay ring khi o = 8 > 1, mat do xac suat xung quanh diém 0.5
nhan gia tri cao, diéu nay ching té X c6 xu huéng gan véi 0.5.

Néu ta chon a@ = 3 = 1, ta nhan dugc phan phdi déu vi do thi ham mat do xac suat 1a mot
dudng thang. Ltc nay, xac suit clia A tai moi vi trf trong khoang [0, 1] 14 nhu nhau. Thuec
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Hinh 4.1: D5 thi ham mat dé xéc
sult chia phan phbi Beta khi oo = f3
va nhan cac gia tri khac nhau. Khi
ca hai gid tri nay 1én, xac suit dé \
(10, 10) gan 0.5 s& cao hon.

(1,1)

0.0 0.2 0.4 0.6 0.8 1.0

chat, néu ta thay a = 8 = 1 vao (4.40) ta sé thu dugc A = n/N, day chinh la u6c lugng thu
duge bang MLE. MLE 1a mot truong hop dic biet cia MAP khi prior 14 mot phan phoi déu.

P 1 ,
Néu ta chon a = = 2, ta sé thu duge: A = % Chang han khi N = 5,n = 1 nhu trong

vi du. MLE cho két qud A = 1/5, MAP sé cho két qua A = 2/7, gan vé6i 1/2 hon.
Néu chon v = 8 =10 ta s6 c6 A = (1 4+ 9)/(5 + 18) = 10/23. Ta thay réng khi o = (3 va

cang 16n thi ta sé thu dugce A cang gan 1/2. Didu nay c6 thé dé& nhan thay vi prior nhan gia
tri rat cao tai 0.5 khi cac siéu tham s6 o = /3 16n.

4.3.4 MAP gitp tranh overfitting

Viéc chon céc hyperparameter thuong dude dua trén thuc nghiem, ching han bing cross-
validation. Viéc thit nhiéu bo tham s6 roi chon ra bo tét nhat 1a viéc ma cac k§ su machine
learning thuong xuyén phai déi mat. Ciing gibng nhu viéc chon regularization parameter dé
tranh overfitting vay.

Néu viét lai bai toan MAP dudi dang:

0 = argmax p(X|0)p(0) (4.41)
o
= argmax |log p(X|6) + log p(0) (4.42)
g likelihood i
ikelihoo prior
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ta c6 thé thay rang ham muc tiéu c6 dang L£(6) + AR(0) giéng nhu trong regularization, véi
ham log-likelihood déng vai tro nhu ham mat mat £(), va log ctia prior déng vai tro nhu
ham R(). Ta c6 thé néi ring, MAP chinh 1a mot phuong phap gitp tranh overfitting trong
cac mo6 hinh machine learning thong ké. MAP dic biét hitu ich khi tap huan luyén 13 nhé.

4.4 Tém tat

e Khi st dung cac mo hinh théng ké machine learning, ching ta thuong xuyén phai uéc
lugng cac tham s6 ctia mo hinh 6, dai dién cho cic tham s clia cac phan phdi xac suat.
C6 hai phuong phap phé bién duge st dung dé uée lugng @ 1a Maximum Likelihood
Estimation (MLE) va Maximum A Posterior Estimation (MAP).

e V6i MLE, viéc xac dinh tham s6 6 duge thyc hién bang cach di tim cac tham s6 sao cho
x4c suat clia tap huan luyén, hay con goi la likelihood, 14 16n nhat:

0 = argmax p(xy,...,xy|0) (4.43)
0

e D@ giai bai toan t6i uu nay, gia thiét cac dit lieu x; doc lap thuong duge sit dung. Va bai

toan MLP tré thanh: v

f = argmax X;|6 4.44
s [ (10 (4.44)

e Vi MAP, cac tham s6 duge danh gia bang cach t6i da posterior:

0 = argmax p(f|xy,...,xXn) (4.45)
0

e Quy tic Bayes va gia thiét vé syt doc lap ctia dit lieu thuong duge st dung:
N
0 = argmax [H p(xiw)p(e)] (4.46)
0 i=1
Ham muc tiéu 6 day chinh la tich cia likelithood va prior.

e Prior thuong dugc chon duya trén cac thong tin biét trude ctia tham s6, va phan phoi
dude chon thuong 1a cac conjugate distribution véi likelihood, titc cac phan phdi khién
viéc nhan thém prior van gitt duge cau tric giong nhu likelihood.

e MAP c6 thé dugc coi la mot phuong phap gitp tranh overfitting. MAP thuong mang lai
hiéu qua cao hon MLE véi truong hgp c6 it dit lieu huan luyén.
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